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FOREWORD 
I n o r d e r t o a v o i d u n n e c e s s a r y r e p e t i t i o n , i t s e e m s 
a p p r o p r i a t e t o c o l l e c t h e r e some o f t h e s y m b o l i s m and 
t e r m i n o l o g y u s e d t h r o u g h o u t t h i s t h e s i s . 
The s y m b o l s X, Y, and Z w i l l d e s i g n a t e no rmed l i n e a r 
s p a c e s , w h i l e A and B w i l l d e n o t e o p e n s u b s e t s o f X and Y, 
r e s p e c t i v e l y . The s y m b o l E^ w i l l d e n o t e t h e n - d i m e n s i o n a l 
E u c l i d e a n s p a c e of n - t u p l e s o f r e a l n u m b e r s . The s y m b o l 0 
w i l l b e u s e d t o d e n o t e a l l z e r o e l e m e n t s , r e g a r d l e s s o f 
t h e s p a c e i n w h i c h t h e y l i e . The p r e c i s e m e a n i n g of e a c h 0 
i n a n y p a r t i c u l a r e x p r e s s i o n s h o u l d be c l e a r f r o m t h e 
c o n t e x t , 
The t e r m s c a l a r w i l l mean r e a l n u m b e r and t h e t e r m 
f u n c t i o n a l w i l l mean a n o p e r a t o r whose r a n g e i s a s u b s e t 
o f t h e r e a l l i n e . The t e r m s i n t e g r a b l e and summab le w i l l 
b e u s e d i n t e r c h a n g e a b l y t o mean t h a t t h e i n t e g r a l o f a 
f u n c t i o n o v e r some s e t i s f i n i t e . 
I f f s X -» Y and g : X - > E j , t h e n t h e s y m b o l i s m 
f ( t ) = o^g(t)^ a s t -> 0 
w i l l mean 
l i m = 0, 
w h e r e t h e l i m i t i s u n d e r s t o o d i n t h e s e n s e o f t h e no rm i n Y. 
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SUMMARY 
T h i s s t u d y i s c o n c e r n e d w i t h s e v e r a l n o t i o n s o f 
d i f f e r e n t i a b i l i t y w h i c h a r e u s e f u l i n t h e t h e o r y o f o p e r ­
a t o r s on normed l i n e a r s p a c e s . I n a d d i t i o n t o t h e f a ­
m i l i a r n o t i o n s o f F r e c h e t and G a t e a u x d i f f e r e n t i a l s [33]* 
t h e n o t i o n s o f q u a s i - d i f f e r e n t i a l [8] and s t r o n g d i f f e r ­
e n t i a l [23] a r e d e f i n e d i n C h a p t e r I . V a r i o u s i m p l i c a ­
t i o n r e l a t i o n s h i p s among t h e s e d i f f e r e n t i a l s a r e o b t a i n e d 
and s u f f i c i e n t c o n d i t i o n s f o r t h e e x i s t e n c e o f t h e s e 
d i f f e r e n t i a l s a r e e s t a b l i s h e d . I n p a r t i c u l a r i t i s shown 
t h a t i f f i s L i p s c h i t z i a n and h a s a l i n e a r G a t e a u x v a r i a ­
t i o n , t h e n f i s q u a s i - d i f f e r e n t i a b l e . I t i s f u r t h e r shown 
t h a t t h e q u a s i - d i f f e r e n t i a l s a t i s f i e s t h e c h a i n r u l e p r o ­
p e r t y . A t h e o r e m o f E s s e r and S h i s h a [11 ] c o n c e r n i n g 
s t r o n g d i f f e r e n t i a l s o f r e a l - v a l u e d f u n c t i o n s i s g e n e r a l i z e d 
t o normed s p a c e s i n w h a t a p p e a r s t o b e a new t h e o r e m . I t 
i s a l s o shown t h a t a c o n t i n u o u s F r e c h e t d i f f e r e n t i a l i s a 
s t r o n g d i f f e r e n t i a l . 
I n C h a p t e r I I a d e t a i l e d p r o o f o f a t h e o r e m due t o 
R a d e m a c h e r [27] i s p r e s e n t e d , a c o r o l l a r y o f w h i c h a s s e r t s 
t h a t e v e r y L i p s c h i t z i a n o p e r a t o r m a p p i n g E^ i n t o E-^  i s 
F r e c h e t d i f f e r e n t i a b l e a l m o s t e v e r y w h e r e . A g e n e r a l i z a t i o n 
o f R a d e m a c h e r ' s r e s u l t , due t o Rado and R e i c h e l d e r f e r [28], 
p r o v e s t h e same r e s u l t when t h e r a n g e i s E . The q u e s t i o n 
v i 
c o n c e r n i n g a s i m i l a r s t a t e m e n t f o r i n f i n i t e d i m e n s i o n a l 
s p a c e s r e m a i n s o p e n . 
C h a p t e r I I I i s d e v o t e d t o a b r i e f d i s c u s s i o n o f 
d i f f e r e n t i a b i l i t y o f c o n v e x f u n c t i o n a l s on normed s p a c e s . 
T h i s t o p i c i s t h e s u b j e c t o f r e c e n t i n v e s t i g a t i o n s [5^ 25] 
w h i c h w o u l d f a l l b e y o n d t h e s c o p e o f t h i s s t u d y . The main 
r e s u l t o f t h i s c h a p t e r i s t h a t a c o n v e x f u n c t i o n a l p o s ­
s e s s e s a o n e - s i d e d G a t e a u x v a r i a t i o n a t e a c h p o i n t o f i t s 
d o m a i n . I t i s f u r t h e r shown t h a t t h i s o n e - s i d e d G a t e a u x 
v a r i a t i o n i s i t s e l f a c o n v e x f u n c t i o n a l . 
I n t h e l a s t c h a p t e r , t h e c o n c e p t o f s m o o t h o p e r a t o r 
i s d e v e l o p e d a s a g e n e r a l i z a t i o n o f s m o o t h f u n c t i o n , a-
t o p i c s t u d i e d b y Zygmund and o t h e r s [32,37]. The d i f f e r ­
e n t i a b i l i t y p r o p e r t i e s o f s m o o t h o p e r a t o r s a r e i n v e s t i g a t e d 
and a new t h e o r e m , w h i c h p r o v i d e s an i m m e d i a t e c o n n e c t i o n 
w i t h r e s u l t s on G a t e a u x d i f f e r e n t i a b i l i t y f r o m C h a p t e r I , 
i s p r o v e d . The f i n a l r e s u l t , a c o l l e c t i o n o f s e v e r a l p r e ­
v i o u s r e s u l t s , s h o w s t h a t a c o n t i n u o u s , c o n v e x , and s m o o t h 
f u n c t i o n i s d i f f e r e n t i a b l e . 
C H A P T E R I 
S O M E N O T I O N S O P D I F F E R E N T I A B I L I T Y 
T h e p u r p o s e o f t h i s c h a p t e r i s t o d e f i n e s e v e r a l 
n o t i o n s o f d i f f e r e n t i a b i l i t y i n g e n e r a l a n a l y s i s a n d t o 
s t u d y s o m e o f t h e i r p r o p e r t i e s . T h e n o t i o n s o f G a t e a u x 
v a r i a t i o n a n d d i f f e r e n t i a l , F r e c h e t d i f f e r e n t i a l , a n d s t r o n g 
F r e c h e t d i f f e r e n t i a l a r e d e f i n e d f o r o p e r a t o r s a n d i m p l i ­
c a t i o n r e l a t i o n s h i p s a m o n g t h e s e a r e s t u d i e d . S u f f i c i e n t 
c o n d i t i o n s f o r t h e e x i s t e n c e o f t h e s e d i f f e r e n t i a l s a r e 
a l s o e s t a b l i s h e d . 
D e f i n i t i o n 1 . 1 . L e t J b e a n o p e n i n t e r v a l o f t h e r e a l 
l i n e . A m a p p i n g c p : J —> X i s s a i d t o h a v e a f i r s t d e r i v a ­
t i v e a t t h e p o i n t t Q e J i f 
c p ( t ) - c p ( t ) 
l i r - T T t - i L ^ ' ( t 0 ) (1) 
e x i s t s , w h e r e t h e l i m i t i s u n d e r s t o o d i n t h e s e n s e o f t h e 
n o r m i n X . 
I t i s e v i d e n t t h a t w h e n e v e r c p ^ t ^ ) e x i s t s , i t i s a 
u n i q u e e l e m e n t o f X . 
D e f i n i t i o n 1 . 2 . L e t f : A - > Y a n d l e t x Q a n d h b e f i x e d 
e l e m e n t s o f A a n d X , r e s p e c t i v e l y . S i n c e A i s a n o p e n s e t , 
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T H E R E E X I S T S A N I N T E R V A L J = ( - 6 , 6 ) S U C H T H A T I F T e J , 
T H E N X Q + T H e A . I F F O R E A C H H e X 
ft ^ o + t h > | t = Q = V f [ V h ] 
E X I S T S , T H E N F I S S A I D T O H A V E A G A T E A U X V A R I A T I O N O R T O 
B E W E A K L Y D I F F E R E N T I A B L E A T X Q . I F I T E X I S T S , V F [ X Q ; H ] 
I S C A L L E D T H E G A T E A U X V A R I A T I O N ( W E A K D I F F E R E N T I A L , F I R S T 
V A R I A T I O N , D I R E C T I O N A L D E R I V A T I V E ) O F F A T W I T H 
I N C R E M E N T H . 
I F F H A S A G A T E A U X V A R I A T I O N A T X Q J T H E N V F [ X Q ; • ] 
I S A U N I Q U E O P E R A T O R M A P P I N G X I N T O Y . 
T H E O R E M 1.1. I F F H A S A G A T E A U X V A R I A T I O N A T X Q , T H E N 
V F [ X ^ ; • ] I S H O M O G E N E O U S O F D E G R E E O N E ; T H A T I S , F O R A N Y 
S C A L A R A , V F [ X Q ; A H ] E X I S T S A N D 
V F [ x Q ; A H ] - A V F [ X Q ; h] 
F O R A L L H £ X . 
P R O O F : I F A = 0 , T H E P R O O F I S T R I V I A L . I F A / 0 , T H E N 
V F [ X Q ; A H ] = L I M T " 1 [ F ( X Q + T A H ) - F (x ) ] 
t - » 0 
= A L I M T _ 1 [ F ( X + T H ) - F ( X Q ) ] 
T - > 0 
W H E R E T = A T . 
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T h e r e f o r e , 
V f [ x Q ; a h ] = a V f [x Q; h ] . 
I n t h e r e m a i n d e r o f t h i s c h a p t e r t h e t a s k o f d e t e r ­
m i n i n g when a u s e f u l a p p r o x i m a t i o n t o f ( x ^ + h ) - f ( x ^ ) 
e x i s t s and t h e a c c u r a c y o f s u c h an a p p r o x i m a t i o n w i l l b e 
i n v e s t i g a t e d . Some i n s i g h t c a n b e g a i n e d t h r o u g h a 
t h o r o u g h e x a m i n a t i o n o f t h e p r o b l e m In t h e one d i m e n ­
s i o n a l c a s e . 
L e t J b e an open i n t e r v a l and l e t e J . S u p p o s e 
t h a t f : J - > I f f ' ( x Q ) e x i s t s , t h e n f ( x Q + h ) - f ( x Q ) 
c a n b e a p p r o x i m a t e d f o r s m a l l h b y f ' ( x Q ) h . The n a t u r e 
o f t h i s a p p r o x i m a t i o n i s w e l l k n o w n . I n f a c t l e t 
R [ x Q ; h ] k f ( x Q + h ) - f ( x Q ) - f ' ( x 0 ) h 
and l e t d f [ x Q ; h ] A f , ( x Q ) h . Then 
f(x 0 + h ) - f ( x Q ) = d f [x Q; h ] + R [ x Q ; h ] ( 3 ) 
w h e r e R [ x Q ; h] = o( | h | ) as h -) 0 . 
The f o l l o w i n g s p e c i a l p r o p e r t i e s o f d f [ x ^ ; h ] a r e 
i m p o r t a n t : 
(A) df [ X q j h] i s l i n e a r in h; t h a t i s , 
d f [ x Q ; aih-L+Qghg] = a± df [x Q; h]_ ] + df [x Q; h 2 ] 
f o r each p a i r of s c a l a r s c^, and elements h 1 , h^. 
4 
(B) d f [ X Q J h ] i s b o u n d e d i n h ; t h a t i s , t h e r e 
e x i s t s a f i n i t e c o n s t a n t M, i n d e p e n d e n t o f h , s u c h t h a t 
d f [ x Q j h ] | < M | h 
f o r a l l r e a l h . 
(C) d f [ x Q ; h ] i s c o n t i n u o u s i n h ; t h a t i s , i f 
l i m h = h , t h e n 
n 
n—>°o 
l i m d f [ x Q j h ] = d f [ x Q ; h ] . 
(D) I f f i s d e f i n e d i n some n e i g h b o r h o o d o f x ^ , 
g i s d e f i n e d i n some n e i g h b o r h o o d o f y ^ = f ( x ^ ) , and i f 
d f [ x 0 ; ' ] and d g [ y Q ; • ] e x i s t , t h e n d e f i n i n g h ( t ) = g [ f ( t ) ] , 
i t f o l l o w s t h a t d h [ x ^ ; • ] e x i s t s and 
dh [ x Q ; • ] = dj y Q ; d f [ x Q ; • ] 
T h i s i s c a l l e d t h e c h a i n r u l e p r o p e r t y . 
(E) I f d f [ x Q j • ] e x i s t s , t h e n f i s c o n t i n u o u s a t x Q 
( P ) The c o n d i t i o n 
| f ( x 0 + h ) - f ( x Q ) - d f [ x Q ; h ] | = o( | h | ) a s h -> 0 
i s s a t i s f i e d . 
The o b j e c t i v e now i s t o u s e c o n d i t i o n s A t h r o u g h P 
a s a b a s i s f o r d e f i n i n g g e n e r a l i z a t i o n s o f t h e c l a s s i c a l 
d i f f e r e n t i a l , w h i c h a p p l y t o o p e r a t o r s on normed s p a c e s . 
The G a t e a u x v a r i a t i o n may i n g e n e r a l f a i l t o h a v e a n y 
o f t h e p r o p e r t i e s A t h r o u g h P . One n a t u r a l a p p r o a c h seems 
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t o b e t o a d d t h e s e p r o p e r t i e s t o V f [ x Q J • ] e i t h e r o n e a t 
a t i m e o r i n g r o u p s , a n d t o i n v e s t i g a t e t h e r e s u l t i n g 
c o n c e p t s . 
D e f i n i t i o n 1.3. S u p p o s e t h a t f h a s a G a t e a u x v a r i a t i o n 
V f [ x Q J • ] a t X q e A . I f V T [ X Q J • ] i s c o n t i n u o u s a n d 
l i n e a r , t h e n i t i s d e n o t e d b y D f [ x ^ ; • ] a n d f i s s a i d t o 
b e G a t e a u x d i f f e r e n t i a b l e a t w i t h G a t e a u x d e r i v a t i v e 
D f f x Q , * • ] . T h e G a t e a u x d e r i v a t i v e , w h e n i t e x i s t s , i s a n 
o p e r a t o r m a p p i n g X i n t o Y . F o r h e X , D f [ X Q J h ] i s c a l l e d 
t h e G a t e a u x d i f f e r e n t i a l o f f a t x ^ w i t h i n c r e m e n t h . 
B y d e f i n i n g G a t e a u x d i f f e r e n t i a b i l i t y i n t h i s w a y , 
i t I s e v i d e n t t h a t a G a t e a u x d i f f e r e n t i a l i s a G a t e a u x 
v a r i a t i o n a n d t h a t i f b o t h e x i s t , t h e y m u s t b e t h e s a m e . 
T h i s f u r t h e r i m p l i e s u n i q u e n e s s o f t h e G a t e a u x d i f f e r e n t i a l 
w h e n e v e r I t e x i s t s . 
T h e n e x t t w o t h e o r e m s d e a l w i t h n e c e s s a r y a n d s u f f i ­
c i e n t c o n d i t i o n s f o r V f [ x Q J • ] t o b e a G a t e a u x d e r i v a t i v e . 
T h e o r e m 1 . 2 . L e t f : A - > Y w i t h x Q e A . A n e c e s s a r y a n d 
s u f f i c i e n t c o n d i t i o n f o r V f [ x Q ; • ] t o b e a G a t e a u x d e r i v a ­
t i v e i s t h a t t h e r e e x i s t s a . c o n t i n u o u s , l i n e a r o p e r a t o r 
L [ X Q J • ] : H - > Y s u c h t h a t f o r e a c h h e H , 
f ( x Q + h ) - f ( x Q ) = L [ x Q ; h ] + R [ x Q j h ] ( 4 ) 
w h e r e 
H = { h e X | x 0 + h e A } 
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and 
|| R [ x Q ; t h ] || = o( ( t | ) as t -> 0 . (5) 
I f s u c h an o p e r a t o r L e x i s t s , i t i s u n i q u e and f o r h e H, 
L [ x Q ; h ] = V f [ x Q ; h ] = D f[x Q; h ] . (6) 
P r o o f : ( N e c e s s i t y ) S u p p o s e t h a t Vf[x^j •] i s a G a t e a u x 
d e r i v a t i v e . Then V f [x^j •] i s c o n t i n u o u s and l i n e a r and 
b y D e f i n i t i o n 1 . 2 , 
l i m || t _ 1 [ f ( x 0 + t h ) - f(x )] - V f [ x Q ; h ] || = 0 
tr~*0 
f o r e a c h h e X . 
Thus 
l i m || t _ 1 { f ( x 0 + t h ) - f ( x Q ) - V f[x ; t h ] } || = 0 . (7) 
t-»0 
Now d e f i n e 
R [ x Q ; t h ] A f ( x 0 + t h ) - f ( x Q ) - V f [x Q; t h ] . 
Then (7) b e c o m e s 
|| R [ x Q ; t h ] || = o( | t | ) a s t - » 0 . (8) 
T h u s t h e r e p r e s e n t a t i o n (4) e x i s t s w h e r e 
L [ x Q ; h ] = V f [ x Q ; h ] . 
I t f o l l o w s t h a t L I s u n i q u e and (6) i s s a t i s f i e d . 
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( S u f f i c i e n c y ) S u p p o s e t h a t t h e r e p r e s e n t a t i o n 
( 4 ) e x i s t s . I f h i s r e p l a c e d b y t h i n ( 4 ) , i t f o l l o w s t h a t 
t _ 1 [ f ( x 0 + t h ) - f ( x Q ) ] = L [ x Q ; h ] + t " 1 R [ x Q ; t h ] . ( 9 ) 
T h u s , i n v i e w o f ( 5 ) * f h a s a G a t e a u x v a r i a t i o n a t X q a n d 
f u r t h e r m o r e 
V f [ x Q ; h ] = L [ x Q ; h ] 
f o r a l l h e H . T h i s p r o v e s t h a t • ] i s u n i q u e a n d 
( 6 ) i s s a t i s f i e d s i n c e L i s l i n e a r a n d c o n t i n u o u s . 
D e f i n i t i o n 1 . 4 . T h e o p e r a t o r F : A - > Y s a t i s f i e s a t t h e 
p o i n t X q c A a w e a k L i p s c h i t z c o n d i t i o n i f f o r e a c h h e X 
t h e r e e x i s t s 5 ( h ) > 0 s u c h t h a t i f | t | < 5 ( h ) , t h e n 
| | F ( x Q + t h ) - F ( x 0 ) II < C II t h | | , 
w h e r e C i s a p o s i t i v e c o n s t a n t i n d e p e n d e n t o f h . 
T h e o r e m 1 . 3 - ( S e e [ 3 4 ] . ) S u p p o s e t h a t F h a s a G a t e a u x 
v a r i a t i o n V F [ x Q ; • ] a t x Q e A . T h e n V F [ x Q ; • ] i s l i n e a r 
a n d c o n t i n u o u s i f a n d o n l y i f F s a t i s f i e s t h e f o l l o w i n g 
t w o c o n d i t i o n s : 
1 . F s a t i s f i e s a w e a k L i p s c h i t z c o n d i t i o n a t X q 
2
- 'I At h l ,th 2 P ( x 0 > II = o ( I t I ) as t ^ 0 
w h e r e 
4 1 3 h 2 p ( x o ' = F ( * o + h i + h 2 ) - p ( x o + V - ^ V V + p ( x o ) 
P r o o f : ( N e c e s s i t y ) S u p p o s e t h a t V F [ X Q J • ] i s l i n e a r 
a n d c o n t i n u o u s . T h e n V F [ x ^ ; • ] i s b o u n d e d ; 
V P [ x Q ; * ] | | = M < o o . 
L e t h b e a f i x e d e l e m e n t i n X . T h e n b y D e f i n i t i o n 1 . 2 
l i m 
t - » 0 
t ^ ( x Q + t h ) - p(x Q) V P [ x Q ; h ] | | < ( M + l ) | | h 
T h u s , t h e r e e x i s t s 5 ( h ) > 0 s u c h t h a t i f 0 < | t < 5 , t h e n 
- 1 
F ( x Q + t h ) - F ( x Q ) < ( M + l ) | | h | | . ( 1 0 ) 
B u t ( 1 0 ) i m p l i e s t h a t 
F ( x 0 + t h ) - F ( x Q ) | | < ( M + l ) | | t h | | i f 0 < | t | < 5 ( h ) 
T h u s F s a t i s f i e s a w e a k L i p s c h i t z c o n d i t i o n a t X Q . 
B y l i n e a r i t y o f V F [ x Q ; • ] , i t f o l l o w s t h a t f o r 
h x , h 2 e X , 
V F [ x Q ; h x + h 2 ] - V F [ x Q ; h 1 ] - V F [ x Q ; h 2 ] = 0 
B u t b y D e f i n i t i o n 1 . 2 , 
V F [ x Q ; h 1 + h 2 ] - a x = t 1 F ( x Q + t h 1 + t h 2 ) - F ( x Q ) 
V F [ x Q ; h ^ ] - a 2 = t 
- 1 
F ( x Q + t h 1 ) - F ( x Q ) 
a n d 
V F [ x Q ; h 2 ] - a 3 = t 1 F ( x Q + t h 2 ) - F ( x Q ) 
9 
where 
lim || a || = 0, i = 1,2,3 
t->0 
Now 
-1 P(x 0+th 1+th 2) - F(x Q+th 1) - F(x Q+th 2) + F(x Q) 
VF(x Qj h 1 + h 2 ) - a x - VF(x Q; + a g - VF(x 0; h g ) + 
a 2 + a 3 - a 1 
^ I a. || + || a I  + I  a 3 
Thus 
I  A t h ^ t h 2 I  = o( | t | ) a s t ^ O . 
This completes the proof of necessity. 
(Sufficiency) Suppose first that F satisfies a 
weak Lipschitz condition at x Q . Then for h e X, there 
exists 8(h) > 0 such that 
-1 F(x Q+th) - F(x Q) < C || h || if 0 < | t | < 6(h) .. 
(11) 
Then take the limit as t -» 0 in (ll) and it follows that 
VF[x Q; h] || < C || h (12) 
for each h e X. Thus VF[x Q; •] is a bounded operator 
since C is independent of h. 
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B y an a r g u m e n t I d e n t i c a l t o t h e one u s e d In t h e 
p r o o f o f n e c e s s i t y , I t I s c l e a r t h a t f o r h - ^ h ^ £ X , 
V F [ x Q ; h 1 +h 2 J - V F [ x Q ; h 1 ] - V F [ x Q ; h g ] 
< 
-1 
P f x Q + t ^ + t h g ) - F ( x Q + t h 1 ) - F ( x Q + t h 2 ) + F ( x Q ) 
+ a., - a. a3 II 
< A t h l , t h 2 p(xo) + (13) 
Now s i n c e 
t h e r i g h t - h a n d s i d e i n (13) h a s l i m i t 0 a s t 0, b y t h e 
w a y i n w h i c h t h e w e r e d e f i n e d . T h u s 
|| VF[xQ; h x + h 2 ] - VF[xQ; h±] - VF[xQj hg ] || = 0. 
T h i s p r o v e s t h a t VF[x0; • ] i s a d d i t i v e b u t VF[xQ; • ] i s 
a l s o h o m o g e n e o u s b y T h e o r e m 1.1. Thus VF[XQJ • ] i s l i n e a r 
and b o u n d e d . T h i s c o m p l e t e s t h e p r o o f o f s u f f i c i e n c y . 
I n g e n e r a l , p r o p e r t i e s E and F a r e n o t s a t i s f i e d b y 
t h e G a t e a u x d i f f e r e n t i a l . N o t e t h a t T h e o r e m 1.2 p r o v i d e s 
a c o n d i t i o n s i m i l a r t o p r o p e r t y F b u t n o t a s s t r o n g s i n c e 
t h e l i m i t t h e r e i s e s s e n t i a l l y t a k e n a l o n g a f i x e d d i r e c ­
t i o n . T h i s r e s t r i c t i o n c a n be r e m o v e d b y a s s u m i n g t h e 
l i m i t i n (7) i s u n i f o r m i n h f o r | |h|| = 1. More p r e c i s e l y 
we h a v e 
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T h e o r e m 1.4. L e t f b e G a t e a u x d i f f e r e n t i a b l e a t x Q 
D e f i n e 
R [ x Q ; h ] 4 f ( x Q + h ) - f ( x Q ) - D f [ x Q ; h ] . 
T h e n t h e c o n d i t i o n 
|| R [ x Q ; t h ] || = o( | t | ) a s t - 4 0 (l4) 
u n i f o r m l y i n h f o r || h || = 1 i s n e c e s s a r y and s u f f i c i e n t 
f o r t h e c o n d i t i o n 
|| R [ x Q ; h ] il = o ( | | h | | ) a s | |h | | -» 0. (15) 
P r o o f : S u p p o s e t h a t (l4) h o l d s . T h e n g i v e n e > 0, t h e r e 
e x i s t s 6 > 0 s u c h t h a t i f 0 < | t | < 6 , t h e n 
R [ x n ; t h ] || < e (16) I t I " 0 
f o r a l l h w i t h | |h| | = 1. C h o o s e a n y e l e m e n t k e X w i t h 
0 < | |k | | < . 6 . T h e n 
w h e r e 0 < | t ' | < 6 and | lh ' | l = 1. Thus r e l a t i o n (16) 
h o l d s f o r t = t'j h = h'. H e n c e 
- i - || R [ x n ; k ] II < e . (17) 
B u t (17) h o l d s f o r a l l k w i t h 0 < | |k[| < 6 , s o t h a t 
(15) h o l d s . T h i s p r o v e s s u f f i c i e n c y . 
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( N e c e s s i t y ) S u p p o s e c o n d i t i o n ( 1 5 ) h o l d s . Then 
g i v e n e > 0, t h e r e e x i s t s 5 > 0 s u c h t h a t i f 0 < | |h| | < 5 , 
t h e n 
llR[x n; h]|| 
° < e. ( 1 8 ) 
Now c o n s i d e r t h e s u b s e t o f X w h o s e e l e m e n t s a r e o f 
t h e f o r m t k w h e r e | |k | | = 1 and | t | < 6 . C l e a r l y ( 1 8 ) 
mus t b e v a l i d f o r a l l t h e s e e l e m e n t s . S o i f 0 < | t | < 6, 
t h e n 
l lR[x 0; t k ] | | 
- < e 
I t I 
f o r a l l k , w i t h | |k | | = 1 . H e n c e c o n d i t i o n ( l 4 ) h o l d s and 
t h e p r o o f i s c o m p l e t e . 
The f o l l o w i n g d e f i n i t i o n t a k e s a d v a n t a g e o f 
T h e o r e m 1 . 4 . 
D e f i n i t i o n 1 . 5 . I f f i s G a t e a u x d i f f e r e n t i a b l e a t x ^ 
and i f c o n d i t i o n ( 1 5 ) h o l d s , t h e n f i s s a i d t o b e F r e c h e t 
d i f f e r e n t i a b l e a t X Q . The b o u n d e d l i n e a r o p e r a t o r 
d f [x Q; • ] ^ Df [ x Q ; • ] 
i s t h e n c a l l e d t h e F r e c h e t d e r i v a t i v e o f f a t x ^ and f o r 
h e X , t h e e l e m e n t d f [x^; h ] i s c a l l e d t h e F r e c h e t d i f f e r ­
e n t i a l o f f a t X Q w i t h i n c r e m e n t h . 
F r e c h e t d i f f e r e n t i a b i l i t y c l e a r l y i m p l i e s G a t e a u x 
d i f f e r e n t i a b i l i t y b u t t h e c o n v e r s e i s i n g e n e r a l f a l s e . 
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Z 1 Z 2 
\ Z l + Z 2 + " 5 . 2 
f ( Z l , z 2 ) = ^ 
z-^  + z 2 
/ 0 
i f (z 1,z 2) ^ ( 0 , 0 ) 
i f (z 1,z 2) = ( 0 , 0 ) 
C o n s i d e r , f o r h = ( h 1 , h 2 ) ^ ( 0 , 0 ) 
l i m 
t->0 
f ( 0 + t h 1 , 0 + t h 2 ) - f ( 0 , 0 ) 
= l i m 
t->0 
f ( t h x , t h 2 ) 
l i m 
t->0 
t h ^ h 2 
h l + H 2 + 
t h x + h 2 
= h 1 + h 2 . 
I f ( h x , h 2 ) = ( 0 , 0 ) , t h e n t h e l i m i t i s 0 s o t h a t V f [ ( 0 , 0 ) ; •] 
e x i s t s and 
V f [ ( 0 , 0 ) ; h ] = h 1 + h 2 
f o r a l l h e E g . The o p e r a t o r V f [ ( 0 , 0 ) ; • ] i s l i n e a r and 
c o n t i n u o u s s o t h a t f i s G a t e a u x d i f f e r e n t i a b l e a t ( 0 , 0 ) 
and 
Df [ ( 0 , 0 ) ; h ] = h 1 + h 2 . 
1 4 
B u t I f 
t h e n 
R [ ( 0 , 0 ) ; h ] k f ( h ) - f ( 0 ) - D f [ ( 0 , 0 ) ; h ] , 
h. 3 h 
R [ ( 0 , 0 ) ; h ] = 4 g 
h l + h 2 
and lim lRf(0-0)- h] 1 = lim 
l l h l k O l|h|| |h||-»0 h l h 2 
2 
B u t i f t h i s l i m i t i s e v a l u a t e d a l o n g t h e p a t h h^ = h ^ , t h e n 
l i m | R [ ( 0 ; 0 ) ; Ml 1 . lhl—>0 llhll 2 
h 2 = h l 
T h i s p r o v e s t h a t f i s n o t F r e c h e t d i f f e r e n t i a b l e a t ( 0 , 0 ) . 
A t t h i s p o i n t i t i s c l e a r t h a t t h e F r e c h e t d e r i v a t i v e 
s a t i s f i e s p r o p e r t i e s A,B,Cj and F . I t t u r n s o u t t h a t p r o p e r ­
t i e s D and E a r e a l s o s a t i s f i e d . The p r o o f o f D i s a 
c o r o l l a r y o f T h e o r e m 1 . 9 * a more g e n e r a l r e s u l t . P r o p e r t y E 
i s t h e s u b j e c t o f 
T h e o r e m 1 . 5 . I f f i s F r e c h e t d i f f e r e n t i a b l e a t t h e n 
f i s c o n t i n u o u s a t X Q . 
P r o o f : F r e c h e t d i f f e r e n t i a b i l i t y i m p l i e s t h a t 
1 5 
F ( X N + H ) - F ( X J = D F [ X N ; H ] + R [ X N ; H ] 
= D F [ X A 5 H ] + 
LLH|| 
R [ X N ; H ] . 
ILHLL 
T H U S 
L I M [ F ( X Q + H ) - F ( X Q ) ] = 0 
H->0 
S I N C E D F [ X N ; • ] I S C O N T I N U O U S A T 0 A N D 
R [ X H ] = 0. 
T H E D E F I N I T I O N O F F R E C H E T D I F F E R E N T I A L P R O V I D E S 
S U F F I C I E N T C O N D I T I O N S F O R I T S E X I S T E N C E . A N O T H E R S E T O F 
S U F F I C I E N T C O N D I T I O N S I S G I V E N B Y 
T H E O R E M 1 . 6 . I F F H A S A. G A T E A U X D E R I V A T I V E I N S O M E N E I G H ­
B O R H O O D O F X Q A N D I F D F [ X ; • ] I S C O N T I N U O U S I N X A T X = 
T H E N D F [ X N ; • ] E X I S T S A N D 
P R O O F : ( S E E [33W 
T W O A D D I T I O N A L N O T I O N S O F O P E R A T O R D I F F E R E N T I A B I L I T Y 
W I L L N O W B E P R E S E N T E D . E A C H H A S S O M E I N T E R E S T I N G C O N N E C ­
T I O N S W I T H T H O S E D I F F E R E N T I A L S A L R E A D Y I N T R O D U C E D . 
D E F I N I T I O N 1 . 6 . ( S E E [8].) L E T F B E A C O N T I N U O U S M A P P I N G 
O F A I N T O Y A N D L E T X Q e A . T H E M A P P I N G F I S S A I D T O B E 
Q U A S I - D I F F E R E N T I A B L E A T X N I F T H E R E E X I S T S A L I N E A R 
D F [ X N ; • ] = D F [ X N ; • ] . 
1 6 
m a p p i n g u ( * ) : X -»Y s u c h t h a t f o r a n y c o n t i n u o u s m a p p i n g 
g : [ 0 , 1 ] -»A, f o r w h i c h g ( 0 ) = X Q and g ' ( 0 + ) e x i s t s , t h e 
m a p p i n g 
H(t) i f [g(t)] 
i s d i f f e r e n t i a b l e ( D e f i n i t i o n l . l ) a t t = 0 + and 
H ' ( 0 + ) = u(g ' (0 + )) . 
The m a p p i n g u ( • ) i s c a l l e d t h e q u a s i - d e r i v a t i v e o f f a t X Q 
A c o n n e c t i o n b e t w e e n q u a s i - d i f f e r e n t i a b i l i t y and 
t h e n o t i o n s a l r e a d y i n t r o d u c e d i s r e a d i l y a v a i l a b l e i n 
T h e o r e m 1 . 7 * I f f i s q u a s i - d i f f e r e n t i a b l e a t X Q e A, 
t h e n f i s G a t e a u x d i f f e r e n t i a b l e a t X Q . 
P r o o f : S u p p o s e t h a t u ( - ) i s t h e q u a s i - d e r i v a t i v e o f f 
a t X Q . L e t h e X . T h e n s i n c e A i s o p e n , t h e r e e x i s t s a 
number 6 > 0 s u c h t h a t i f 0 < t < 6 , t h e n X Q + t h e A. 
D e f i n e t h e m a p p i n g g a s f o l l o w s : 1 X Q + t h ( 0 < t < 6 ) , 
g ( t ) = 1 
/ g ( 5 ) ( 6 < t < 1 ) . 
Then g : [ 0 , 1 ] -»A, g ( 0 ) = x Q , g i s c o n t i n u o u s on [ 0 , l ] , 
and f u r t h e r m o r e g ' ( 0 + ) = h . Thus 
It tMVl t = 0 = u(h) 
+ 
1 7 
Now L E T e > 0 B E G I V E N . T H E N T H E R E E X I S T S A N U M B E R R , 
0 < R < 5, S U C H T H A T I F 0 < T < r, T H E N 
1 
But i f t < 5 , t h e n 
F [ G ( T ) ] - F ( X Q ) I - U ( H ) < e. ( 1 9 ) 
g ( t ) = x Q + t h 
so t h i s s u b s t i t u t i o n can be made in ( 1 9 ) and hence i f 
0 < t < r , t h e n 
t 
- 1 f ( x Q + t h ) - f ( x Q ) 
- u (h) < e. ( 2 0 ) 
However ( 2 0 ) i m p l i e s t h a t f has a Gateaux v a r i a t i o n a t x 
and t h a t 
0 
Vf [ x Q ; h ] = u ( h ) . 
But u ( ' ) i s l i n e a r by d e f i n i t i o n and c o n t i n u o u s [ 8 ] , so 
t h a t u ( - ) i s t h e Ga teaux d e r i v a t i v e of f a t X Q . 
C o r o l l a r y 1 . 8 . I f f i s q u a s i - d i f f e r e n t i a b l e , t h e q u a s i -
d e r i v a t i v e i s u n i q u e . 
The c o n v e r s e of Theorem 1 . 7 i s f a l s e and t h e mapping 
of Example 1 . 1 p r o v i d e s a c o u n t e r e x a m p l e . In t h a t example , 
Df [ ( 0 , 0 ) ; h ] = h 1 + h 2 . 
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S u p p o s e t h a t f i s q u a s i - d i f f e r e n t i a b l e a t (0,0) w i t h 
q u a s i - d e r i v a t i v e u ( • ) . Then 
u ( h ) = h^ + h^ 
b y T h e o r e m 1.7. Now d e f i n e 
T h e n 
g ( t )
 =
 ( t , t 2 ) f o r t e [0,1] 
g ( 0 ) = (0,0) and g'(0+) = ( l,0). 
B u t 
s o t h a t 
H ( t ) = f [ g ( t ) ] = t 2 + | t 
H ' ( ( T ) 
b u t 
g'(0+) 1 + 0 = 1 
and t h i s I s a c o n t r a d i c t i o n . Hence f i s n o t q u a s i -
d i f f e r e n t i a b l e a t ( 0 , 0 ) . 
The f o l l o w i n g t h e o r e m shows t h a t t h e q u a s i - d e r i v a t i v e 
s a t i s f i e s t h e c h a i n r u l e p r o p e r t y ( D ) . 
T h e o r e m 1 . 9 . S u p p o s e t h a t f : A-»Y. L e t x Q £ A and 
y Q = f ( x Q ) e B C Y. I f f i s q u a s i - d i f f e r e n t i a b l e a t x Q and 
g : B -> Z i s q u a s i - d i f f e r e n t i a b l e a t y Q , t h e n t h e c o m p o s i t e 
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m a p p i n g h ( • ) = g [ f ( - ) J i s q u a s i - d i f f e r e n t i a b l e a t x Q and 
f u r t h e r m o r e 
D h [ x Q ; • ] = y 0 ; D f [ x Q ; • ] 
P r o o f : L e t AQ C A b e an open n e i g h b o r h o o d o f x ^ s u c h 
t h a t h : AQ -» Z . Now l e t cp be a c o n t i n u o u s m a p p i n g o f 
[ 0 , l ] i n t o A Q , s u c h t h a t cp(0) = x Q and c p ' ( o + ) e x i s t s . 
Then cp maps [ 0 , 1 ] i n t o A and s i n c e f i s q u a s i - d i f f e r e n t i a b l e 
a t X Q , t h e m a p p i n g P d e f i n e d b y 
P ( t ) = f [ c p ( t ) ] 
i s d i f f e r e n t i a b l e a t t = 0 + and 
P ' ( 0 + ) = Df [ x Q ; c p ' ( 0 + ) ] . 
B u t P ( t ) maps [ 0 , 1 ] i n t o B Q , w h e r e B Q C B and B Q i s an 
o p e n n e i g h b o r h o o d o f y~Q. F u r t h e r m o r e , 
P ( 0 ) = f [cp(0) ] = f ( x Q ) = y Q 
and 
P ' ( 0 + ) = Df [ x Q ; c p ' ( 0 + ) ] 
e x i s t s , s o l e t t i n g 
Q ( t ) = g [ P ( t ) ] , 
t h e n t h e q u a s i - d i f f e r e n t i a b i l i t y o f g a t y Q i m p l i e s t h a t 
Q ' ( 0 + ) e x i s t s and 
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Q ' ( 0 r ) = D g [ y 0 ; P ' ( 0 + ) ] 
y n, Df [x n; q> ' ( 0 + ) ] 
o - • o 
B u t 
Q ( t ) = g f [cp(t)] = h[cp(t) ] 
a n d s i n c e D g y Q ; D f [ x Q ; • ] i s l i n e a r , t h i s p r o v e s t h a t 
h i s q u a s i - d i f f e r e n t i a b l e a t x ^ a n d t h a t 
D h [ x 0 ; • ] = D g y 0 ; D f [ x Q , • ] 
T h e f o l l o w i n g t h e o r e m , i m p o r t a n t i n i t s o w n r i g h t , 
a l s o i m p l i e s t h a t t h e F r e c h e t d e r i v a t i v e s a t i s f i e s p r o p e r t y 
( D ) , a c l a i m m a d e e a r l i e r b u t n o t p r o v e d . 
T h e o r e m 1 . 1 0 . I f f i s F r e c h e t d i f f e r e n t i a b l e a t x Q e A , 
t h e n f i s q u a s i - d i f f e r e n t i a b l e a t x ^ a n d t h e t w o d i f f e r ­
e n t i a l s a r e i d e n t i c a l . 
P r o o f : L e t g b e a c o n t i n u o u s m a p p i n g o f [ 0 , 1 ] i n t o A , 
f o r w h i c h g ( 0 ) = x n a n d g ' ( 0 + ) e x i s t s . F o r t e [ 0 , l ] , l e t 
•0 
H ( t ) = f [ g ( t ) ] 
a n d c o n s i d e r 
t ~ 1 [ H ( t ) - H ( 0 ) ] = t " 1 f [ g ( t ) ] - f [ g ( 0 ) ] 
= t ^ d f [ x Q j g ( t ) - g ( 0 ) ] 
+ R f [ x Q ; g ( t ) - g ( 0 ) ]]• 
2 1 
s i n c e f i s F r e c h e t d i f f e r e n t i a b l e a t g ( o ) = x Q . B u t 
d f [ x Q ; • ] i s h o m o g e n e o u s , s o 
t _ 1 [ H ( t ) - H ( 0 ) ] = d f [ x Q ; t - 1 { g ( t ) - g ( 0 ) } ] 
+ t " 1 R f T x 0 ; g ( t ) - g ( 0 ) ] . ( 2 1 ) 
N o w 
l i m d f [ x Q ; t _ 1 { g ( t ) - g ( 0 ) } ] = d f [ x Q ; g ' ( 0 + ) ] 
t - > 0 + 
s i n c e d f [ x Q ; • ] i s c o n t i n u o u s . C o n s i d e r 
t " 1 | | R f [ x Q ; g ( t ) - g ( 0 ) ] | | 
Rf x Q ; g ( t ) - g ( 0 ) || | | g ( t ) - g ( o ) | | 
l l g ( t ) - g ( 0 ) | | t 
a n d l e t e > 0 b e g i v e n . T h e n t h e r e e x i s t s 6 > 0 s u c h t h a t 
i f 0 < | | k | | < 6 , t h e n 
| R f [ x n ; k ] | | 
0
 - < e . ( 2 2 ) 
l l k l l " " 
B u t g i s c o n t i n u o u s s o g i v e n 8 > 0 , t h e r e e x i s t s r > 0 
s u c h t h a t 
]| g(t) - g ( 0 ) || < 6 ( 2 3 ) 
i f 0 < t < r. C o m b i n i n g ( 2 2 ) a n d ( 2 3 ) 
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i f 0 < t < r . T h i s p r o v e s t h a t 
| | R f [ x 0 ; g ( t ) - g(0)]|| 
l l m y = o 
t - » o + | | g ( t ) - g(0)|| 
a n d s i n c e l l g , ( 0 + ) | | i s f i n i t e , i t f o l l o w s t h a t 
H ' ( 0 + ) = l i m t - 1 [ H ( t ) - H(0)] = d f [ x n ; g ' ( 0 + ) ] . 
+ 
t - ^ 0 
H e n c e f i s q u a s i - d i f f e r e n t i a b l e a t x ^ a n d t h e q u a s i - d e r i v a ­
t i v e o f f a t x ~ i s d f [ x ~ ; • ] . 
0 0 
T h e f o l l o w i n g t h e o r e m g i v e s s u f f i c i e n t c o n d i t i o n s 
f o r t h e e x i s t e n c e o f t h e q u a s i - d e r i v a t i v e i n t e r m s o f t h e 
G a t e a u x v a r i a t i o n . 
T h e o r e m 1.11. L e t f : A - > Y a n d s u p p o s e t h a t f s a t i s ­
f i e s a L i p s c h i t z c o n d i t i o n o n A ; t h a t i s , t h e r e e x i s t s a 
c o n s t a n t M s u c h t h a t f o r e a c h p a i r o f p o i n t s x , y e A , 
| | f ( x ) - f ( y ) | | < M | | x - y | | . 
S u p p o s e a l s o t h a t f h a s a l i n e a r G a t e a u x v a r i a t i o n V f t x ^ j • ] 
a t X Q e A . T h e n f i s q u a s i - d i f f e r e n t i a b l e a t . 
P r o o f : L e t g b e a c o n t i n u o u s m a p p i n g o f [0,1 ] i n t o A , 
f o r w h i c h g ( 0 ) = x Q a n d g ' ( 0 + ) e x i s t s . F o r t e [0,1], l e t 
H ( t ) = f [ g ( t ) ] . 
Then 
II t _ 1[H(t) - H(0)] - Vf[x Q; g'(0 +)] || 
< || t _ 1 { f [g(t)] - f [x Q + tg'(0 +)]} || 
+ || t" 1{f [x 0+tg'(0 +) ] - f(x Q)} - Vf[x Q; g'(0 +) || 
< Mt" 1 || g(t) - g(0) - tg'(0 +) || 
+ || t" 1{f [x Q+tg'(0 +) ] - f(x Q)} - Vf[x 0; g'(0 +)] 
Now let e > 0 be given. There exists 6^ > 0 such that 
II t _ 1 { f [x Q+tg'(0 +)] - f(x Q)} - Vf[x 0; g'(0 +)] || < e / 2 
if 0 < t < 5^ and there exists 6 2 > 0 such that 
t" 1 II g(t) - g(0) - tg'(0 +) || < e/2M 
if 0 < t < 6 2. Hence if 
0 < t < min(6 1,6 2) ^ 5 , 
then 
II t" 1[H(t) - H(0)] - Vf[x Q; g'(0 +)] || < e . 
This proves that 
H'(0 +) = Vf [x Q; g'(0 +)], 
and since Vf[x Q; •] was assumed to be linear, then f is 
quasi-differentiable at X Q and Vf[xQ* *] is the quasi-
derivative Of f at X Q . 
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C o r o l l a r y 1.12. U n d e r t h e h y p o t h e s e s o f T h e o r e m 1.11, 
f i s G a t e a u x d i f f e r e n t i a b l e a t X Q . 
U n t i l n o w , none o f t h e n o t i o n s o f d i f f e r e n t i a l h a s 
b e e n s t r o n g e r t h a n t h e F r e c h e t d i f f e r e n t i a l . H o w e v e r 
L e a c h i n [23] h a s d e f i n e d a d i f f e r e n t i a l w h i c h i m p l i e s 
t h e F r e c h e t d i f f e r e n t i a l . 
D e f i n i t i o n 1 .7. L e t f : A —> Y and l e t x Q e A . I f t h e r e 
e x i s t s a c o n t i n u o u s l i n e a r o p e r a t o r dF* [ x ^ ; • ] : X —> Y 
s u c h t h a t f o r e a c h e > 0, t h e r e e x i s t s r > 0 w h e r e 
I  f ( y ) - f ( z ) - d F * [ x 0 ; y - z j || < e || y - z || 
f o r e a c h p a i r o f p o i n t s y , z w i t h | | V - X Q | | < r , | | Z - X Q | | < r , 
t h e n f i s s a i d t o b e s t r o n g l y d i f f e r e n t i a b l e a t x ^ and t h e 
o p e r a t o r d F * [ x ^ ; • ] i s c a l l e d t h e s t r o n g d e r i v a t i v e o f f 
a t X Q . 
C l e a r l y i f f i s s t r o n g l y d i f f e r e n t i a b l e a t x ^ , t h e n 
f i s F r e c h e t d i f f e r e n t i a b l e a t x ^ . 
The n e x t t h e o r e m i s a g e n e r a l i z a t i o n o f r e s u l t s 
o b t a i n e d b y E s s e r and S h i s h a [11 ] f o r r e a l - v a l u e d f u n c t i o n s 
o f r e a l v a r i a b l e s . T h i s t h e o r e m d o e s n o t s e e m t o a p p e a r i n 
t h e l i t e r a t u r e . 
L e t F : A - > Y . L e t D ' d e n o t e t h e s u b s e t o f A on 
w h i c h F I s F r e c h e t d i f f e r e n t i a b l e and l e t D* d e n o t e t h e 
s u b s e t o f A on w h i c h F i s s t r o n g l y d i f f e r e n t i a b l e . Then 
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clearly D* C and In general either or both of these 
sets may be empty. If x^ e D ' , then the symbol dP[x^; •] 
will denote the Frechet derivative of F at x^ and if 
x^ € D * 3 then dF* [xgj- •] will denote the strong derivative 
of F at x 2 . 
Theorem 1 . 1 3 . If F is strongly differentiable at a e A, 
then for each h £ X, 
lim dF * [ x ; h] = lim dF [ x ; h] = dF * [ a ; h] = dF [a; h] 
x->a x->a 
x€J)* x t D ' 
whenever both limits are meaningful. 
Proof: Let e > 0 be given. Since F is strongly differ­
entiable at a, there exists 5 > 0 such that ||x^ -a|| < 5, 
||xg-a|| < 6, and x^ ^ Xg together imply that x^,Xg e A 
and also that 
|| F(x 2) - P(x 1) - dF*[a; Xg-x 1] || < e ||xg-x1||. (24) 
Let x e D ' where ||x-a|| < g. Then x is a permissible 
value for x^ in (24). Now let h be a fixed nonzero element 
of X. Then if 
I T | < • 5 
it follows that 
x+Th-a || £ || x-a || + || Th || < | + | = 6 
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and h e n c e x + Th i s a p e r m i s s i b l e v a l u e f o r i n (24) 
p r o v i d e d 
6 
I T I < -
Thus i f 
I Th || < | 
t h e n 
|| P(x+Th) - P ( x ) - d F * [ a ; Th ] || < e II Th || . (25) 
B u t s i n c e dF* [ a ; • ] i s h o m o g e n e o u s , (25) i s e q u i v a l e n t t o 
| | T _ 1 [F(x+Th) - F ( x ) ] - d F * [ a ; h] || < e |l h || (26) 
f r o m w h i c h i t f o l l o w s t h a t 
|| V P [ x ; h ] - d F * [ a ; h ] || < e I h | | . (27) 
B u t x e D ' s o t h a t d F [ x ; h ] e x i s t s and 
V F [ x ; h ] = d F [ x ; h ] . 
T h u s 
|| d F [ x ; h] - d F * [ a ; h ] || < e || h || (28) 
i f x £ D ' and 
I  1 1 / 6 II x - a || < 75. 
T h i s p r o v e s t h a t 
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l i m d F [ x ; • ] = dF* [ a ; • ] 
x e D ' 
s i n c e 
II i i II f l l d F [ x ; h] - d F * [ a ; h]\\\ || d F [ x ; - J - dF*LA; • J II = sup i —-— R 
h ^ 0 L llhll J 
T h u s f o r e a c h h fe X , 
l i m d F [ x ; h ] = d F * [ a ; h ] . ( 2 9 ) 
x->a 
xfeD' 
Now a s s u m i n g t h a t l i m d F [ x ; h ] e x i s t s , 
x->a 
xfeD* 
l i m d F * [ x ; h ] = l i m d F [ x ; h ] 
x->a x->a 
xfeD* xfeD* 
s i n c e dF [ *; • ] and d F * [ • ; • ] a r e i d e n t i c a l on D* . B u t 
now i t f o l l o w s t h a t 
l i m d F f x ; h ] = l i m d F [ x ; h ] ( 3 0 ) 
x->a x->a 
x t D * X c D ' 
s i n c e D* C D ' . The c o m b i n a t i o n o f ( 2 9 ) and ( 3 0 ) g i v e s 
t h e d e s i r e d r e s u l t . 
The f o l l o w i n g t h e o r e m p r o v i d e s a s u f f i c i e n t c o n d i ­
t i o n f o r a F r e c h e t d e r i v a t i v e t o be a s t r o n g d e r i v a t i v e . 
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T h e o r e m 1.14. L e t a e A and s u p p o s e t h a t F i s F r e c h e t 
d i f f e r e n t i a b l e i n some n e i g h b o r h o o d N o f a . I f d F [ x ; • ] 
i s c o n t i n u o u s i n x a t x = a , t h e n F i s s t r o n g l y d i f f e r ­
e n t i a b l e a t a . 
P r o o f : L e t e > 0 be g i v e n and l e t x ^ e N , x ^ e X . L e t 
P x(-) = d F [ x ; • ] 





F ( x 2 ) - F ( x x ) - P a(x 2-x 1) 
F ( x 2 ) - F ( x x ) - F ( x 2 - X l ) 
*x ( X2 - x l } " F a ( X 2 - X l } 
F ( x 2 ) - F ( x x ) - P x ( x 2 - X l ) 
x 
X2" X1 (30) 
s i n c e a F r e c h e t d e r i v a t i v e i s a b o u n d e d o p e r a t o r . 
Now s i n c e F ( • ) i s c o n t i n u o u s i n x a t x = a , t h e r e 
x 
e x i s t s a number 6" > 0 s u c h t h a t i f | |x-^-a[ | < 6 " , t h e n 
x ^
 €
 N ( a ) and f u r t h e r m o r e 
( 3 D 
Thus (30) and (31) both are valid if l|x,-a|| < 5 " 
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But F i s F r e c h e t d i f f e r e n t i a b l e a t x -^ so t h e r e 
e x i s t s 6 ' > 0 such t h a t Hx^-x^H < 6 ' i m p l i e s t h a t 
|| F ( x 2 ) - F ( X ; L ) - F ^ U g - x - ^ || < | || x2-x± || . (32) 
Thus i f | | x 1 - a | | < 6" and | | x 2 - x || < 6 ' , t h e n (31) and (32) 
t o g e t h e r imply t h a t 
|| F ( x 2 ) - F ( x 1 ) - F a ( x 2 - x 1 ) || £ | || x 2 - x 1 || + | || x 2 - x 1 || 
= e || x 2 - x 1 || o (33) 
Now l e t 
6 = - | min{ 6 ' , 6 " ) 
and suppose t h a t 
II Xj-a || < 6, || x 2 - a || < 6. (34) 
Then 
|| x 2 - x 1 || < 26 < 6 ' . 
Thus (34) i m p l i e s (33) and t h e theo rem i s p r o v e d . 
S i n c e s t r o n g d i f f e r e n t i a b i l i t y i m p l i e s F r e c h e t 
d i f f e r e n t i a b i l i t y , one migh t e x p e c t t h a t s t r o n g d i f f e r ­
e n t i a b i l i t y a t a p o i n t would imply more t h a n j u s t con­
t i n u i t y a t t h a t p o i n t . 
3 0 
T h e o r e m 1 . 1 5 . ( S e e [ 2 2 ] . ) I f F i s s t r o n g l y d i f f e r e n t i a b l e 
a t X Q , t h e n P s a t i s f i e s a L i p s c h i t z c o n d i t i o n i n some 
n e i g h b o r h o o d o f X Q . 
P r o o f : By d e f i n i t i o n t h e r e e x i s t s r > 0 s u c h t h a t 
II P ( y ) - P ( z ) - d F * [ x Q ; y - z ] || < || y - z || ( 3 5 ) 
i f y and z a r e i n 
N ( x Q ; r ) = ( x € X | ||x-x0H < r } . 
Now b y t h e t r i a n g l e i n e q u a l i t y , ( 3 5 ) i m p l i e s t h a t 
II P ( y ) - P ( z ) II < II y - z II + M || y - z || 
w h e r e 
d F * [ x Q ; * ] II < M 
Thus 
II P ( y ) - P ( z ) II < (M+l) || y-
f o r a l l y , z e N ( x Q ; r ) . 
A d i s c u s s i o n o f t h e n e x t t o p i c h a s b e e n p u r p o s e l y 
p o s t p o n e d u n t i l now t o a v o i d n e e d l e s s c o n f u s i o n . 
When d e a l i n g w i t h a r b i t r a r y normed l i n e a r s p a c e s , 
i t mus t be p o i n t e d o u t t h a t t h e d i f f e r e n t i a b i l i t y p r o ­
p e r t i e s o f an o p e r a t o r may d e p e n d on w h i c h norms a r e u s e d 
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I n t h e r a n g e o r d o m a i n s p a c e s . T h i s c a n b e s t be I l l u s ­
t r a t e d w i t h an e x a m p l e . 
E x a m p l e 1 . 2 . L e t C ' [ 0 , l ] b e t h e l i n e a r s p a c e o f a l l r e a l -
v a l u e d c o n t i n u o u s f u n c t i o n s x d e f i n e d on [ 0 , 1 ] s u c h t h a t x ' 
i s c o n t i n u o u s and x (0 ) = x ( l ) = 0. Now f o r x e C [ 0 , 1 ] , l e t 
R1 - \ 
f ( x ) = , q>( t , x ( t ) , x ' ( t ) j d t J V
0 
w h e r e cp i s c o n t i n u o u s and h a s c o n t i n u o u s s e c o n d p a r t i a l 
d e r i v a t i v e s w i t h r e s p e c t t o e a c h o f i t s a r g u m e n t s . I f we 
l e t 
|| x || = sup | x ( t ) | , 
0 < t < l 
t h e n V f [ x ; h ] e x i s t s and 
V f [ x ; h ] = { c p x h + c p x / h ' } c l t . 
0 
F u r t h e r m o r e V f [ x ; h ] i s l i n e a r i n h b u t n o t n e c e s s a r i l y 
c o n t i n u o u s i n h . S o u s i n g | | ' | | ^ , o n l y a l i n e a r G a t e a u x 
v a r i a t i o n i s i m p l i e d f o r f . 
H o w e v e r , l e t t i n g 
II x || = sup { | x ( t ) | , | x ' ( t ) | ) 
0 ^ t < l 
i t c a n b e shown t h a t f i s F r e c h e t d i f f e r e n t i a b l e a t e a c h 
x e C ' [ 0 , l ] . T h i s o f c o u r s e i m p l i e s t h a t f i s a c o n t i n u o u s 
f u n c t i o n a l w i t h r e s p e c t t o H'llg* 
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This problem, however, does not e x i s t when both 
the range and domain of the operator are f i n i t e dimen­
s i o n a l s p a c e s . I t i s w e l l known t h a t a l l norms in a 
f i n i t e dimensional space are e q u i v a l e n t . The problem a l s o 
does not e x i s t when e q u i v a l e n t norms are used in i n f i n i t e 
dimensional s p a c e s . 
CHAPTER I I 
DIFFERENTIABILITY OF LIPSCHITZIAN OPERATORS 
T h i s c h a p t e r i s c o n c e r n e d p r i m a r i l y w i t h t h e d i f f e r ­
e n t i a b i l i t y p r o p e r t i e s o f L i p s c h i t z i a n o p e r a t o r s . 
A b r i e f i n t r o d u c t i o n t o L i p s c h i t z i a n o p e r a t o r s i s 
p r e s e n t e d f o r t h e s a k e o f c o m p l e t e n e s s . Then i n a s e r i e s 
o f t h e o r e m s , some s i g n i f i c a n t known r e s u l t s a r e p r e s e n t e d . 
T h e s e r e s u l t s a r e known o n l y f o r o p e r a t o r s w h o s e d o m a i n s 
and r a n g e s a r e s u b s e t s o f t h e f i n i t e d i m e n s i o n a l E u c l i d e a n 
s p a c e s (E ) . I t i s o f c o u r s e o u t o f t h e q u e s t i o n t o e x ­
p e c t t h e o r e m s i m p l y i n g d i f f e r e n t i a b i l i t y e v e r y w h e r e f o r 
s u c h o p e r a t o r s , f o r c o u n t e r e x a m p l e s a r e w e l l k n o w n . 
V e r y s t r o n g r e s u l t s , h o w e v e r , o f t h e a l m o s t e v e r y ­
w h e r e t y p e a r e k n o w n . The main r e s u l t o f t h i s c h a p t e r i s 
a t h e o r e m o f R a d e m a c h e r [ 2 7 ] * a c o r o l l a r y o f w h i c h s t a t e s 
t h a t L i p s c h i t z i a n o p e r a t o r s m a p p i n g E^ i n t o E^ a r e F r e c h e t 
d i f f e r e n t i a b l e a l m o s t e v e r y w h e r e . Rado and R e i c h e l d e r f e r 
[ 2 8 ] h a v e e x t e n d e d R a d e m a c h e r l s r e s u l t , a l t h o u g h u n d e r 
s l i g h t l y more r e s t r i c t i v e h y p o t h e s e s . 
The q u e s t i o n o f d i f f e r e n t i a b i l i t y o f a r b i t r a r y 
L i p s c h i t z i a n o p e r a t o r s r e m a i n s u n a n s w e r e d . 
D e f i n i t i o n 2 . 1 . L e t Q C X and l e t f : Q - > Y . I f t h e r e 
e x i s t s a f i n i t e p o s i t i v e c o n s t a n t M s u c h t h a t f o r e a c h p a i r 
o f p o i n t s x , y € Q t h e i n e q u a l i t y 
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I  f(y) - f(x) I  < M || x - y || 
h o l d s , t h e n f I s s a i d t o s a t i s f y a L i p s c h i t z c o n d i t i o n on Q 
o r f i s s a i d t o be L i p s c h i t z i a n on Q . I f M < 1, t h e n f i s 
c a l l e d a c o n t r a c t i o n on Q . 
C l e a r l y i f f i s L i p s c h i t z i a n on Q , t h e n f i s u n i ­
f o r m l y c o n t i n u o u s on Q . 
The f o l l o w i n g r e s u l t s c o n c e r n i n g d i f f e r e n t i a b i l i t y 
o f L i p s c h i t z i a n o p e r a t o r s , w h o s e doma in and r a n g e a r e b o t h 
s u b s e t s o f E ^ , a r e w e l l k n o w n . 
T h e o r e m 2.1. L e t f : [ a , b ] -> E ^ . S u p p o s e t h a t on [ a , b ] 
f s a t i s f i e s a L i p s c h i t z c o n d i t i o n . T h e n f i s F r e c h e t 
d i f f e r e n t i a b l e a l m o s t e v e r y w h e r e on [ a , b ] . 
P r o o f : S i n c e f s a t i s f i e s a L i p s c h i t z c o n d i t i o n on [ a , b ] , 
t h e n f i s a b s o l u t e l y c o n t i n u o u s on [ a , b ] . T h i s i m p l i e s 
t h a t f ' ( x ) e x i s t s f o r a l m o s t a l l x e [ a , b ] . ( S e e [29].) 
The f o l l o w i n g t h e o r e m i s a g e n e r a l i z a t i o n o f 
T h e o r e m 2.1 i n t w o w a y s . F i r s t t h e d o m a i n s p a c e i s a l l o w e d 
t o be E^ and s e c o n d t h e L i p s c h i t z a s s u m p t i o n i s w e a k e n e d 
s l i g h t l y . H o w e v e r i n T h e o r e m 2.3* w h e r e t h e r a n g e s p a c e 
i s a l l o w e d t o b e E , t h e s t r o n g e r L i p s c h i t z h y p o t h e s i s i s 
a g a i n u s e d . 
T h e o r e m 2.2. ( S e e R a d e m a c h e r , [27].) L e t f b e a c o n t i n ­
u o u s m a p p i n g o f G i n t o E-, , w h e r e G i s a b o u n d e d open s u b s e t 
3 5 
o f E . F o r e a c h f i x e d z e G , l e t 
W . C z j p ] - s u p l 1 f ^ z + h ) - f < z > 
f
 I i i u i i 




L e t 
L f ( z ) £ l i m ^ W ^ z ; p ] . 
p->0 + f 
(2) 
I f L f ( z ) i s f i n i t e f o r e a c h z € G a n d i f L f ( z ) i s L e b e s g u e 
s u m m a b l e o v e r G , t h e n f i s F r e c h e t d i f f e r e n t i a b l e a l m o s t 
e v e r y w h e r e o n G . 
P r o o f : S i n c e t h e p r o o f o f t h i s t h e o r e m i s r a t h e r l e n g t h y , 
w e s h a l l p r o c e e d b y m a k i n g a f e w o b s e r v a t i o n s a n d i n t r o d u c ­
i n g s o m e f u n c t i o n s w h i c h w i l l b e c r u c i a l t o t h e p r o o f . W e 
w i l l t h e n b r e a k u p t h e p r o o f i n t o a s e q u e n c e o f l e m m a s . 
W e f i r s t r e m a r k t h a t W ^ [ z ; p ] i s n o n n e g a t i v e a n d 
f u r t h e r m o r e W ^ [ z ; p ] d e c r e a s e s a s p d e c r e a s e s . T h u s t h e 
l i m i t i n ( 2 ) e x i s t s b u t t h i s l i m i t m a y n o t b e f i n i t e i n 
g e n e r a l . 
I t i s c l e a r t h a t f i s m e a s u r a b l e o n G s i n c e f i s 
c o n t i n u o u s o n G . T h u s W ^ [ z ; p ] a n d L ^ ( z ) a r e a l s o m e a s u r ­
a b l e f u n c t i o n s . 
L e t e . b e t h e v e c t o r i n E w h i c h h a s j 
a n d a l l o t h e r s 0. T h e n i f 
. t h 
c o m p o n e n t 1 
x = ( x 1 , x 2 , . . . , x n ) = ( x ± ) e G , 
T H E N 
X + K E ± = ( X 1 , X 2 , . . . , X 1 _ 1 , X 1 + K , X 1 + 1 , . . . , X N ) 
F O R R E A L K . U S I N G T H I S N O T A T I O N , T H E V E C T O R 
(x-^jX^j • • • , X ^ _ - ^ , T * X j ' • • * x n ) 
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C A N B E W R I T T E N S I M P L Y X + ( T - X ^ ) E ^ . 
N O W L E T X = ( X ^ ) € G A N D D E F I N E T H E I ^ P R I N C I P A L 
U P P E R P A R T I A L D E R I V A T E O F F A T X , D 1 F ( X ) , A S F O L L O W S : 
D . F ( X ) = L I M S U P I -
0 ^ 0 + L 
F ( X + K E ± ) - F ( X ) 
K 
0 < I K I < P ( 3 ) 
F O R I = 1 , 2 , . . . , N . 
I T W I L L N O W B E S H O W N T H A T D ^ F ( X ) I S F I N I T E F O R E A C H X e G . 
L E T 
S = 
F ( X + K E ± ) - F ( X ) 
K 
0 < I K I < P F , 
S L = 
F ( X + K E . ) - F ( X ) 
K 
0 < I K I < P R , 
and 
S 2 = 
F ( X + H ) - F ( X ) 
H € E A N D 0 < H < P 
N 
T H E N B Y W E L L K N O W N P R O P E R T I E S O F S U P R E M A , 
S U P S I <; S U P < S U P £ > 2 , 
37 s o t h a t 
- sup S 2 £ sup S < sup S g . (4) 
F u r t h e r m o r e , s i n c e sup S , sup and sup S ^ a l l d e c r e a s e 
a s p d e c r e a s e s , t h e l i m i t c a n be t a k e n i n (4) t o g e t 
- l i m s u p S p < l i m s u p S _< l i m sup S p . ( 5 ) 
p - * 0 + d p - * 0 + p - * 0 + d 
B u t ( 5 ) i s e q u i v a l e n t t o 
- L f ( x ) < D ± f ( x ) < L f ( x ) ( 6 ) 
and ( 6 ) i m p l i e s t h a t 
I D . f ( x ) I < L f ( x ) . (7) 
T h i s s h o w s t h a t D . f ( x ) i s a f i n i t e number f o r e a c h 
x t G and f o r i = l , 2 , . . . , n . F u r t h e r m o r e D . f ( x ) i s a 
m e a s u r a b l e f u n c t i o n on G and (7) i m p l i e s t h a t D ^ f ( x ) i s 
a l s o summable o v e r G . 
From now o n , w h e n e v e r a n y s t a t e m e n t i s made w h i c h 
c o n c e r n s t h e s u b s c r i p t i , i t i s t o b e u n d e r s t o o d t h a t i 
c a n b e a n y i n t e g e r f r o m 1 t o n , i n c l u s i v e , u n l e s s s t a t e ­
m e n t s t o t h e c o n t r a r y a r e m a d e . 
t h 
S i m i l a r l y t h e i p r i n c i p a l l o w e r p a r t i a l d e r i -
v a t e o f f a t x , D ^ f ( x ) , i s d e f i n e d a s i n (3) e x c e p t t h a t 
" s u p " i s r e p l a c e d b y " i n f " . F u r t h e r m o r e f i n i t e n e s s , 
m e a s u r a b i l i t y , and s u m m a b i l i t y a l s o h o l d f o r I X f ( x ) . 
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The f i r s t o b j e c t i v e i s t o show t h a t t h e n p a r t i a l 
d e r i v a t i v e s o f f e x i s t s i m u l t a n e o u s l y a l m o s t e v e r y w h e r e on G. 
L e t y = ( y 1 , y 2 J , . . . J , y ^ _ 1 ) b e a f i x e d p o i n t i n E x > 
F o r e a c h r e a l t d e f i n e 
y ^ k ( y 1 , y 2 , . • . , y j _ _ 1 , t , y 1 , . . . , y n _ 1 ) 
N e x t d e f i n e 
E 1 = i x 6 G I x = f o r some r e a l T 
Y I 1 J T 
F u r t h e r m o r e d e f i n e 
T 1 = -\ T e E n I yl € G Y I 1 1 ^T 
O n l y t h o s e s e t s E 1 w h i c h a r e n o n e m p t y n e e d b e c o n s i d e r e d 
D e f i n e f u n c t i o n s g 1 a s f o l l o w s : 
y 4 ( t ) = 
f o r e a c h t € T 1 . T h e n f o r t h o s e y and t s u c h t h a t ~ g X ( t ) y J d t D y 
e x i s t s , i t i s c l e a r t h a t t h e i ^ p a r t i a l d e r i v a t i v e o f f , 
w r i t t e n f . , a l s o e x i s t s a t y \ . The p l a n i s t o show t h a t 
t h i s i s t h e c a s e f o r " a l m o s t a l l " YJS w h e r e " a l m o s t a l l " 
w i l l b e made p r e c i s e s h o r t l y . 
Now s i n c e E^ ~ C G , t h e n D . f i s summable o v e r E 1 . 
y i y 
H e n c e , b y a t h e o r e m o f F u b i n i [ A p p e n d i x , T h e o r e m l ] , t h e 
i n t e g r a l 
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i ± ( y ) = D . f ( y ^ ) d t 
E 1 
y 
i s f i n i t e f o r a l m o s t a l l y; t h a t i s , e x c e p t p o s s i b l y f o r 
an n - l d i m e n s i o n a l n u l l s e t , s i n c e y t E
 n . 
'
 J
 n -1 
Now l e t y be s u c h t h a t | I ^ ( y ) I < 0 0 . Then s i n c e 
D . f ( x ) i s f i n i t e f o r e a c h x e E 1 , i t f o l l o w s f r o m a n o t h e r 
i y 
t h e o r e m o f F u b i n i [ A p p e n d i x , T h e o r e m 2 ] t h a t f o r a l m o s t 
a l l y , t h e f u n c t i o n g^" i s a b s o l u t e l y c o n t i n u o u s on T^~. 
y y 
B u t t h i s i m p l i e s t h a t f o r a l m o s t a l l y , ~ ^ y ^ ) e x i s t s 
f o r a l m o s t a l l t . 
H o w e v e r 
ft 4(t) = fi(y0 
and h e n c e f o r a l m o s t a l l y , ^ j _ ^ y ^ ) e x i s t s f o r a l m o s t a l l t 
T h i s c o n c l u s i o n i s v a l i d f o r i = l , 2 , . . . , n , b u t t h e n u l l 
s e t s on w h i c h t h e c o n c l u s i o n f a i l s may d e p e n d on i . 
Now d e f i n e a s u b s e t a s f o l l o w s : 
P ± = j x € G | D j _f ( x ) ^ D ± f ( x ) | . 
The s e t P^ i s c l e a r l y m e a s u r a b l e . The f i r s t o b j e c t i v e w i l l 
b e a c h i e v e d when I t i s shown t h a t i s a n u l l s e t i n E . 
S o f o r y e E
 n s u c h t h a t E 1 i s n o t e m p t y , l e t J
 n -1 y 
p 1 = p . n e 1 
y i l l y 
40 
and l e t 
S t € T € P 
1 Then S x i s t h a t s u b s e t of T f o r which f. y7 does n o t 
y y IV t y 
e x i s t . Hence S 1 must be a n u l l s e t i n E-, f o r a l m o s t a l l 
y 1 
y , by p r e v i o u s r e s u l t s . 
At t h i s p o i n t , a n o t h e r t heo rem of F u b i n i [Appendix , 
Theorem 3] can be used t o c o n c l u d e t h a t P . i t s e l f i s a 
I 
n u l l s e t i n R . But P^ r e p r e s e n t e d t h e s u b s e t of G on 
which f a i l e d t o e x i s t , so t h a t e x i s t s a l m o s t e v e r y ­
where on G. By a s t a n d a r d a r g u m e n t , i t f o l l o w s t h a t a l l 
f. e x i s t s i m u l t a n e o u s l y a l m o s t eve rywhere on G. L e t 
I 
K = [x € G | f . ( x ) e x i s t s f o r i = 1,2, . . . , n ) . 
Then mK = mG. 
Now l e t 7\ > 0 be g i v e n . The n e x t o b j e c t i v e i s t o 
show t h a t t h e r e e x i s t s a s u b s e t E, of G such t h a t 
mE. > mG - 3 A 
and f i s F r e c h e t d i f f e r e n t i a b l e on E T h i s w i l l be accom­
p l i s h e d by a s e q u e n c e of lemmas. 
Lemma 2.3. The re e x i s t s a s u b s e t H of K and a f i n i t e 
c o n s t a n t M(?\) such t h a t 
m H > m K - A = m G - A 
41 
and f o r z e H, 
L f [ z ] < M(A) . 
P r o o f o f Lemma 2.3. By h y p o t h e s i s , mG < oo s o t h a t mK < <*>, 
and s i n c e L^, I s summable o v e r K , t h e n 
l i m m(z e K | L f [ z ] > n} = 0 , 
n-x» 
b y a w e l l known c o n t i n u i t y t h e o r e m f o r d e s c e n d i n g s e q u e n c e s 
o f s e t s . Then t h e r e e x i s t s an i n t e g e r M(?\) s u c h t h a t 
m[z € K| L f [ z ] > M(7n) } < Tn . 
L e t 
H = K - ( z e K | L f ( z ) > M( 7\) } . 
Then 
mH = mK - m(z e K | L f ( z ) > M ( > ) ) > m K - X = m G - > , 
and f o r z c H , 
L f ( z ) < M(X). 
Lemma 2.4. L e t H be a s i n Lemma 2.3. Then t h e r e e x i s t s 
a s u b s e t S o f H s u c h t h a t 
mS > mK - = mG - 2 A 
42 
and t h e n + l l i m i t s 
l i m W f [ x ; p ] = L f ( x ) 
p—>0+ 
and 
f ( x + h e . ) - f ( x ) 
l i m — ^ = f . ( x ) 
h-^O n 1 
h o l d u n i f o r m l y on S . 
P r o o f o f Lemma 2 . 4 : The lemma f o l l o w s f r o m n + l a p p l i ­
c a t i o n s o f t h e E g o r o f f t h e o r e m [ 3 1 ] w h i c h i s v a l i d s i n c e 
mK < 00. A t e a c h s t a g e a s u b s e t o f m e a s u r e s m a l l e r t h a n 
i s e x t r a c t e d f r o m H u n t i l a t t h e ( n + l ) s t a g e , t h e 
s u b s e t S e m e r g e s w i t h mS > rnH-A. 
Lemma 2 . 5 . L e t S b e a s i n Lemma 2 . 4 and l e t M(a ) b e a s 
i n Lemma 2 . 3 . T h e n t h e r e e x i s t s a p o s i t i v e number P q ( a ) 
s u c h t h a t i f 0 < p < p ^ ( 7 \ ) , t h e n 
W f [z; p ] < 2M(tO 
f o r a l l z e S . 
P r o o f o f Lemma 2 . 5 : By Lemma 2 . 4 , 
l i m W f [ z ; p ] = L f ( z ) 
p - » 0 + 
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h o l d s u n i f o r m l y f o r z e S . S o g i v e n M ( ? \ ) > 0 , t h e r e e x i s t s 
a n u m b e r p Q(7\) > 0 s u c h t h a t i f 0 < p < p Q ( ? \ ) , t h e n f o r 
a l l z e S , 
I W f [z; p ] - L f ( z ) | < M ( ? 0 . ( 8 ) 
B u t f o r z e G , 
W . [ z ; p ] > L . ( z ) 
s o t h a t t h e a b s o l u t e v a l u e i s r e d u n d a n t i n ( 8 ) . H e n c e 
i f 0 < p < p Q M , t h e n f o r a l l z e S , 
W f [ z ; p ] < M ( ? 0 + L f ( z ) < 2M(?0 
b y L e m m a 2 . 3 . T h i s c o m p l e t e s L e m m a 2 . 5 . 
N o w l e t e > 0 b e g i v e n . T h e n b y L e m m a 2 . 4 , t h e r e 
e x i s t s a n u m b e r ]1q(^; e) > 0 s u c h t h a t f o r a l l x e S , 
f ( x + h e . ) - f ( x ) 
l 
h i 
- f , ( x ) < e ( 9 ) 
i f 0 < | h | < ]1q(^; e). I t s h o u l d b e c l e a r h o w o n e n u m b e r 
11q(^; e) c a n b e c h o s e n t o m a k e ( 9 ) v a l i d f o r a l l 
i = 1 , 2 , . . . , n . 
T h e u n i f o r m c o n v e r g e n c e o f L e m m a 2 . 4 a l s o i m p l i e s 
t h a t e a c h f ^ i s c o n t i n u o u s o n S . B u t s i n c e S i s a m e a s u r ­
a b l e s e t o f p o s i t i v e m e a s u r e , t h e r e e x i s t s a c o m p a c t s u b ­
s e t T o f S s u c h t h a t -
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mT > mS - A > mG - 3A. ( 1 0 ) 
( S e e [ 6 , p . 2 8 8 , T h e o r e m 1 2 ] . ) B u t s i n c e T I s c o m p a c t , 
f\ i s u n i f o r m l y c o n t i n u o u s on T . Hence t h e r e e x i s t s 
h ( e ) > 0 s u c h t h a t i f x , y e T and | | x - y | | < h ( e ) , t h e n 
f . ( x ) - f . ( y ) | < e. ( 1 1 ) 
Now f o r z e T and r > 0, d e f i n e 
S [ z ; r ] 4 | x = ( X j _) € G | z± - | < x± < z± + | , 
i = 1 , 2 , . . . , n | . 
Then c l e a r l y 
m(S [z; r ]} = r n . 
Lemma 2 . 6 . L e t 
= { z e T | lim B l T _ D s [ z ; r]}
 =
 A 
^ r - > 0 r ^ 
T h e n mE, = mT. 
A 
P r o o f o f Lemma 2 . 6 : D e f i n e t h e s e t f u n c t i o n v a s f o l l o w s : 
vR = m(R P I T ) 
f o r e a c h R C G . T h e n v i s a d d i t i v e and a b s o l u t e l y c o n t i n ­
u o u s w i t h r e s p e c t t o m. F u r t h e r m o r e b y [ 2 6 , v o l 2 , p . 9 7 ] * 
l i m 
r -^0 
v ( S [ z ; r ] ) 
e x i s t s f o r a l m o s t a l l z t G . 
Now l e t X T be t h e c h a r a c t e r i s t i c f u n c t i o n o f T . 
Then if R G G, 
m(R p | T ) = v R . 
R 
S i n c e X T i s summable o v e r G , i t f o l l o w s f r o m [ 2 6 , v o l 2 , 
p . 1 0 2 ] t h a t 
l l m v l S i z i _ r i } ( z ) 
r—>0 r 
f o r a l m o s t a l l z e T . Thus 
L L M V I S L Z I _ R U = 1 
r->0 r 
f o r a l m o s t a l l z e T . B u t 
v [ S [ z ; r ] } m[T p | S [ z ; r ] } 
and h e n c e 
l i m 
r - ^ 0 
m [ S [ z ; r ] f | T } 
n 
r 
f o r a l m o s t a l l z e T . T h i s p r o v e s t h a t mK = mT and 
A 
Lemma 2 . 6 i s c o m p l e t e . 
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N o w L e m m a 2 . 6 i m p l i e s t h a t , g i v e n a n y f i x e d p o i n t 
z € a n d i n t e g e r N > 1 , t h e r e e x i s t s r N ( z ) > 0 s u c h t h a t 
i f 0 < r < r N ( z ) , t h e n 
m { S [ z ; r ] P l T ] . , _ J L _
 ( l 2 ) 
r N 
B u t m T < oo a n d m T = m E . s o t h a t 
A 
m [ ( T - E A ) f | S [ z ; r ] } = 0 
w h i c h i m p l i e s t h a t 
m { T Os[z; r ] } = m { E ^ Os[z; r ] } T h u s ( 1 2 ) i m p l i e s t h a t i f 0 < r < r N ( z ) , t h e n 
m { E ^ 0 S [ z ; r ] }
 n 
* > i _ _ L # 
r N 
N o w c h o o s e r ^ > 0 s o t h a t 
r Q < | m i n { h 0 ( e ; A ) , h ( e ) , r N ( z ) } . ( 1 3 ) 
T h e n c h o o s e y = ( y ^ ) e S [ z ; 2 r Q ] w i t h t h e f o l l o w i n g p r o ­
p e r t i e s : 
( i ) y . = z . + h n c o s a . w h e r e h - . > 0 a n d 
v
 l i 1 l 1 
n 
p 
c o s a = 1 
i = l 
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( i i ) 0 < ||y-z|| < ^ r, N X 0 
( i i i ) 0 < ||y-z|| < 
( N - l ) p 0 ( A ) 
n 
T h e n b y (i), | | y - z | | = Y\^> and b y ( i i ) 
2 ( N - l ) r 
0 < 2 h x < w 
0 




 < i T i < 2 r o < r N ( z ) 
Now b y ( 1 2 ) y 




N - l 
2 N h 1 
I T l 
n 
and h e n c e 
2Nh. 
z : 
' N - l 
2 n h ^ ( N n - l ) 
> ( N - l ) n 
(14) 
Lemma 2 . 7 . From t h e d e f i n i t i o n o f y , i t f o l l o w s t h a t 
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P r o o f : L e t 
r 2 h i 
t = ( t i } € S ( 7 j N T I 
T h e n f o r i = 1 , 2 , . . . , n 
y. 
h l h l 
( 1 5 ) 
b u t ||y-z|| = s o t h a t 
o r 
z l " h l ^ y ± £ z i + h i * 
( 1 6 ) 
N o w c o m b i n i n g ( 1 5 ) a n d ( l 6 ) , i t f o l l o w s t h a t 
N h N h n 
a n d t h i s i m p l i e s t h a t t e S 
L e m m a 2 . 7 . 
r 2Nh. 
z; 
N - l 
T h i s c o m p l e t e s 
N o w 
m S y; 
N - l 
n , n 2"H 
1 
( N - l ) 
n 
s o t h a t 
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Z ; 
2 N h 1 
+ m S 
2h 
2 V ( N n - l ) 2nh" 
> i ; + 
( N - l ) 
n (N-l) n 
2 n h ^ N n 
7 N - l ) n 
= m S z : 
2Nh 1 ' 
~ N ^ 1 
T h u s t h e s u m o f t h e m e a s u r e s o f t w o s u b s e t s o f S 
2Nh 
2Nh 1 ' 
~W1 
I s g r e a t e r t h a n t h e m e a s u r e o f S 
i s p o s s i b l e o n l y i f 
1 
N - l 
i t s e l f . T h i s 
2 N h x 
~ ? P l 
y ; 
2 ^ 
N - l 
h a s p o s i t i v e m e a s u r e . S o l e t u = ( u ^ ) / y b e a p o i n t i n 
r 2h-
t h i s i n t e r s e c t i o n . T h e n u e S y ; 
L l 
N - l 
a n d h e n c e 
u - y 
n 
i = l 
1 / 2 
< 
n 
h 1 \ 2 
N = l 
1=1 
1 / 2 
- / n h . 
N ^ T 
( 1 7 ) 
W e a r e n o w r e a d y t o s h o w t h a t f I s F r e c h e t d i f f e r e n t i a b l e 
a t z , w h e r e z i s a n y f i x e d p o i n t i n E ^ . 
T o t h i s e n d , c o n s i d e r t h e d i f f e r e n c e q u o t i e n t 
f ( . v ) - f(z) 
h i 
B y a d d i t i o n a n d s u b t r a c t i o n o f p r o p e r t e r m s , t h i s 
50 quotient can be written as the sum of n + 1 terms, two of which must be estimated separately and the remaining n-l terms can be estimated by considering only a typical one. So we write 
f(y) - ?M _ iLilj^JM h- h. + f (u) - f (z]_,u2, . . . ,un) 
hi + f(z1,u2,.. . ,un) - f(z1,z2,u ,^...,un) 
+ • • • 
+ 
f (z., ,z0, . . . ,z 0,u . ,u ) - f(z.,,...,z -,U ) K 1' 2' ' n-2' n-l' nJ v 1 ' n-l' ny 
h. 
+ (z-, , . . . ,Z -, ,u ) - f (z ) 
v
 1 n-l n 
h (13) 1 The first and last terms are the ones which must be esti­mated separately. By Lemma 2.5* (17) and (iii)* 
h. 
f(y) - f(u) 1 ly-u lly-u| hn 
yn h-. I y/n h u: 
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T h u s 
h 1 ' 0 
w h e r e 
Now l e t hg > 0 and , P 2 , . . . , £3^ "be c o n s t a n t s s u c h t h a t 
u 1 = z± + h 2 c o s 0 ± ( 2 0 ) 
and 
n 
c o s 2 p . = 1 . 
l 
i = l 
Then 
u - z || = h 2 ( 2 1 ) 
and t h i s w i l l "be u s e d i n t h e e s t i m a t i o n o f t h e n - l 
" m i d d l e t e r m s " o f t h e e x p a n s i o n ( l 8 ) . A t y p i c a l one o f 
t h e s e t e r m s h a s t h e f o r m 
f ( z 1 , z 2 , . . . , z j L _ 1 , u 1 , u 1 + 1 , . . . , u n ) - f{z1, . . . ,z±,u±+1, ,,un) 
N o t e : F o r i = 1 , t h e a b o v e f o r m i s n o t e x a c t l y 
c o r r e c t s i n c e t h e r e s h o u l d "be no z ^ a t a l l i n t h e ' 
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f i r s t t e r m o f t h e n u m e r a t o r . T h i s , h o w e v e r , d o e s 
n o t a f f e c t t h e p r o o f . 
U s i n g (20) , i t f o l l o w s t h a t 
f ( z 1 , . . . , z 1 _ 1 , u . , . . . , u n ) - f ( Z l , . . . , z . , u 1 + 1 , . . . , u n ) 
h l 
h 2COS P. [ F ( Z 1 , . . . , Z . _ 1 , U . , . . . , U N ) - F ( Z 1 , . . . , Z . , U . + 1 , . . . , U N ) ] 
h-, u . - z . 
1 i i 
(22) 
b u t 
h 2 = || u - z || < || u - y || + || y - z || < ^ - J 1 + n x ( 2 3 ) 
V N , A N - l 
* to + 1 ~N~~ R 0 
b y ( i i ) and h e n c e 
i f N i s c h o s e n s u f f i c i e n t l y l a r g e . Now b y (20) and (24) , 
h Q ( A ; e) 
| u . - z . | < h Q < \ 
1 1 2 l h ( e ) 
s o t h a t b y ( 9 ) * i t mus t be t r u e t h a t 
5 3 
. -, • • • • 
l-r 1 ' 
> f ( 2 
... z.,u R L+R ' N 
u. -
1 
i 1' 9 r I + I' ' n < e 
(25) 
F U R T H E R M O R E S I N C E 
II ( Z 1 , . . . ^ Z ^ U ^ J ...,u n) - Z II < II U - Z || = H 2 < H ( E ) 
I T F O L L O W S F R O M ( 1 1 ) T H A T 
F . ( Z N J . . . , Z . , U . . ^ . . . J U ) - F . ( Z ) I < E . ( 2 6 ) I X 1 ' 1 L + L N 1 / 1 \ \ 
P U T T I N G ( 2 5 ) AND ( 2 6 ) T O G E T H E R , I T F O L L O W S T H A T 
F ( Z 1 , . . . , Z 1 _ 1 , U . , . . . , U N ) - F ( Z L , . . . , Z . , U 1 + 1 , . . . , U N ) 
U T ~ ^ 7 = F I ( Z ) + ^ 1 
( 2 7 ) 
W H E R E | T| | < 2 E . 
T H U S ( 2 7 ) G I V E S AN E S T I M A T E OF T H E L A S T F A C T O R I N ( 2 2 ) . 
T H E C O M P L E T E E S T I M A T E O F ( 2 2 ) R E Q U I R E S AN E S T I M A T E 
H 
O F t— AND O F C O S P . . 
H I 
From ( 2 3 ) , 
Y N )!-]_ 
H 2 " H L * T T T 
AND F R O M S I M I L A R R E A S O N I N G I T I S A L S O T R U E T H A T 
V N H 1 
H L " h 2 ^ — N - ~ 
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so that 
h, ~ N - T 
which implies that 
and hence 
h, ^ N-l (28) 
^ = 1 + Tl2 where | Tig | < (29) 
Now to estimate cos f3^ , consider 
cos - cos | = u. -z. y.-z. 
i i i i h, h. 
hlUJ-hlZJ-h2yi+h2Zi 
hlh2 (30) 
But by (29) 3 hg = h^ (l + T| ) and this can be substituted 
into (30) to give 
cos P. - cos a. = 
1 1 
h1u1-h1z1-h1(l+n2)y1+h1(l+Tl2)z1 hlh2 
u 1 - y i -





 Vyi 1 . 1 ^2 1 1 Z l ' y l ^ h2 h2 
l l u - y | | I ^ 2 I l|z-yl 
/ J J £ _ L + _ 
H2 H2 
T h u s 
c o s p. - c o s a . I < ^ i - + | T 1 2 | ^ . (31) 
h l 
I n o r d e r t o p r o c e e d f r o m (3L)* a n e s t i m a t e o f t — i s n e e d e d 
N2 S o f r o m (28), 
V n
 H2 \/N 
x
 N - l h - L s N - l 
a n d h e n c e 
hl^-^l)^ 2^hl( 1 +sV- (32) 
B u t f o r N s u f f i c i e n t l y l a r g e , t h e q u a n t i t y — — i s 
1 - ^ 
N - l 
p o s i t i v e s o (32) c a n b e d i v i d e d b y _ t o g i v e 
1 
N - l 
h . 
0
 < h 1 < < h . 
\ / ' n 1 + -— 
-
1
 N - l (33) 
1 -
y n 
N - l 
1 -
N - l 
56 
Now divide inequality (33) by to get 
hl 1 
0 < ^ < ± . (34) 
2
 n 
N-l The right-hand term of (33) is of no further use. 
Using (34) in (3l) it follows that 
2> 
n . ,\_ 1 ^ N-l 2 n^ cos P,-cos a, < (-_+ Tl --< i i • — VN-1 1









 /n v/n N-l- ./n 
1 - 1 -
N-l N-l 
which implies that 





Now putting (35), (29), and (27) together, the left-hand 
side of (22) is just (f.(z) + T11)(I+T12)(COB a±+Tl ) (36) 
where 
, \/n 2^ /n 
Tl < 2 e , Tl I < — and T| < 
1
 2 N-l 3 N-l- y/n 
5 7 
W e n o w e x p a n d ( 3 6 ) t o g e t 
f . ( z ) c o s a . + f . ( z ) h 2 c o s a ± + T l 3 ( i + T l 2 ) 
+ T ] l [ 1 + T 1 2 
c o s a . + T | 
1 3 
( 3 7 ) 
a n d u s i n g ( 3 7 ) a n d ( 2 2 ) , i t f o l l o w s t h a t 
f (zx,. . ., z±_ ^ u^... ,un) - f ( z±,..., z±,u±+1,.. .,un) 
-
- f. (z) cos a . 
1 i 
f ± U ) 
W
— (1) 
M - 1 v ' 




2 y / D 
N-l-/n 
( 3 3 ) 
C h o o s e N s o l a r g e t h a t ( 2 4 ) a n d ( 3 3 ) a r e v a l i d a n d 
a l s o — ^ 3 - < e . T h e n h a v i n g e a n d N , r n c a n b e c h o s e n 
N - l - ^ n u 
s o t h a t i f 
N - l p Q ( A ) ( N - l ) 
0 < ^ < m i n ^ l ^ r , 
t h e l e f t - h a n d s i d e o f ( 3 8 ) i s l e s s t h a n o r e q u a l t o 
f ± ( z ) I [ e + 2 e ( l + e ) ] + 2 e [ l + e ] [ l + 2 e ] 
= I f . ( z ) I [ 3 e + 2 e 2 ] + 2 e + 6 e 2 + 4 e 3 . ( 3 9 ) 
T h i s c l e a r l y i m p l i e s t h a t t h e l e f t - h a n d s i d e o f 
( 3 8 ) e q u a l s 
5 8 
f . ( z ) c o s a. + e . ( h n ; a.) 
i v ' 1 i v 1 3 i ; 
(40) 
w h e r e | 0'^ | - » 0 a s h ^ - » 0 u n i f o r m l y i n a . 
T h i s c o m p l e t e s t h e e s t i m a t e o f t h e m i d d l e ( n - l ) 
t e r m s o f t h e e x p a n s i o n ( l 8 ) . W e n o w c o n s i d e r t h e l a s t 
t e r m i n ( l 8 ) \ 
f ( z n , . . . , z n , u ) - f ( z ) [ f ( z - , , . . . , z - , , u ) - f ( z ) ] ( u - z ) 
v
 1 n - l n ; v ' v 1
 3
 n - l n ' v ' v n nJ 
h - u - z 
n n 
h . 
/ f ( z x , . . . j Z ^ ) - f ( z ] 
u - z 
n n 




( 4 1 ) 
B u t ( 2 9 ) i s s t i l l v a l i d a n d ( 3 5 ) s u r e l y h o l d s i f i = n . 
F u r t h e r m o r e b y t h e s a m e t y p e o f a r g u m e n t w h i c h l e d t o ( 2 5 ) * 
i t f o l l o w s t h a t 
f ( z n 3 . . . , z n , u ) - f ( z ) 
v
 I 3 3 n - l 3 n v ' 
u - z 
n n 
- f ( z ) 
n x ' 
< e ( 4 2 ) 
a n d h e n c e 
f (z±3 . . . ' z n _ ! ' u n ) " f ( z ) n 
u - z 
n n 
= f n ( z ) + 
4 
w h e r e \\<e 
B y r e a s o n i n g s i m i l a r t o t h a t w h i c h l e d t o ( 4 0 ) , i t f o l l o w s 
t h a t 
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f ( z - .
 3 . . . ,z 1 , u ) - f ( z ) 
i V n = f ( z ) c o s a + e ( h a ) (44) 
w h e r e I 6 I —> 0 a s h - , —> 0 u n i f o r m l y i n a . i
 n i ] _ j n 
N o w c o m b i n i n g a l l o f t h e i n t e r m e d i a t e e s t i m a t e s , 




 Y f . ( z)cos a± + I 6 l { h l a x ) + % 
1
 1 = 1 ±=1 
^ f ± ( z ) c o s a ± + 0 ( h 1 , c i 1 , . . . , a n ) (45) 
1=1 
w h e r e | © | —> 0 a s h - ^ —> 0 u n i f o r m l y i n a l l 
T o c o m p l e t e t h e p r o o f l e t 
7 \ ± = h - j ^ c o s c x 1 . (46) 
T h e n i f ~h = ("h±), i t f o l l o w s t h a t y = z + 7\ a n d INI = h - L . 
T h e n (45) b e c o m e s 
n 
f ( z + A ) - f ( z ) _ V
 F > ( Z ) C O S A > = 9 / ( ^ 1 
\M\ ^ 1 1 
i = l 
o r e q u i v a l e n t l y , u s i n g (46) 
n 
f ( z + A ) - f ( z ) - Y, f i ( z ) A i 
^ = e'(INI) 
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where 
0 ' ( | |* | | ) | -> 0 a s | |*| | -» 0 . 
T h i s p r o v e s t h a t f i s F r e c h e t d i f f e r e n t i a b l e a t z s i n c e 
n 
t h e q u a n t i t y ^ f 1 ( z ) * ^ i s w e l l known t o be c o n t i n u o u s 
i = l 
and l i n e a r i n * . But s i n c e z was any v e c t o r i n E^ , t h e n 
f i s F r e c h e t d i f f e r e n t i a b l e eve rywhere on EA f o r each 
A * > 0 . 
Now l e t * = — f o r n > 1 and c o n s i d e r t h e c o r r e -
n n — 
s p o n d i n g s e q u e n c e [E. } . Then 
n 
mK > mG - 3 / n ( 4 7 ) 
and f i s F r e c h e t d i f f e r e n t i a b l e on E. f o r each n > 1 . 
L e t 
n= 1 n 
Then f i s F r e c h e t d i f f e r e n t i a b l e on E*. Now s i n c e E* C G, 
i t must f o l l o w t h a t mG = mE* + 6 where 6 > 0 . But 
mE^ < mE* f o r e ach n > 1 so t h a t 
n 
mG - mE^ > mG - mE* = 5 > 0 
A — 
n 
f o r each n > 1 . Thus mE^ < mG - 6 f o r each n > 1 . T h i s 
n 
6 1 
c l e a r l y c o n t r a d i c t s (47) and t h u s f i s F r e c h e t c l i f f e r ­
e n t i a b l e a l m o s t e v e r y w h e r e on G. 
C o r o l l a r y 2.8. L e t f : G —> E^ w h e r e G i s a bounded open 
s u b s e t o f E . S u p p o s e t h a t f s a t i s f i e s a L i p s c h i t z c o n d i ­
t i o n on G . Then f i s F r e c h e t d i f f e r e n t i a b l e a l m o s t e v e r y ­
w h e r e on G . 
P r o o f : S u p p o s e t h a t f o r x , y e G , 
I f ( x ) - f ( y ) | < M || x - y || . 
T h e n f o r h e E r s u c h t h a t f ( x + h ) i s d e f i n e d , i t f o l l o w s tha t 
f ( x + h ) - f ( x ) 
< M. 
H e n c e , 
W f [ x ; p ] < M 
and 
L f [ x ] < M. 
T h u s L ^ [x ] i s f i n i t e f o r e a c h x- e G and f u r t h e r m o r e L ^ [x ] 
i s summable o v e r G . T h u s t h e c o n c l u s i o n o f T h e o r e m 2.1 
f o l l o w s . 
T h e o r e m 2.9• ( S e e [28].) L e t D be a b o u n d e d open s u b s e t 
o f E and l e t f : D -» E . I f f s a t i s f i e s a L i p s c h i t z condi-
n m ^ 
t i o n on D , t h e n f i s F r e c h e t d i f f e r e n t i a b l e a l m o s t e v e r y ­
w h e r e on D . 
6 2 
P r o o f : S i n c e a l l norms i n a f i n i t e d i m e n s i o n a l s p a c e a r e 
e q u i v a l e n t , t h e norm 
| |x | | = max | x ^ | 
i 
w i l l b e u s e d i n t h i s p r o o f f o r i t s c o m p u t a t i o n a l a d v a n t a g e s . 
L e t f = ( f ^ f g , • • . , f m ) and l e t x = ( x ± ) , y = ( y ± ) e D. 
B y h y p o t h e s i s t h e r e e x i s t s a f i n i t e c o n s t a n t M > 0 s u c h t h a t 
|| f ( x ) - f ( y ) || £ M || x - y || . 
T h e n f o r a l l i = l , 2 , . . . , n , 
| f ± ( x ) - f i ( y ) | ^ | | f ( x ) - f ( y ) || < M || x - y | | . 
T h i s p r o v e s t h a t e a c h f^ i s L i p s c h i t z i a n on D , w i t h 
L i p s c h i t z c o n s t a n t M. B u t e a c h f^ i s r e a l - v a l u e d and h e n c e 
C o r o l l a r y 2 . 8 a p p l i e s . Thus f o r e a c h i = l , 2 , . . . , n , 
d f ^ [ x ; • ] e x i s t s f o r a l m o s t a l l x e D . B y a s t a n d a r d a r g u ­
m e n t , i t c a n b e shown t h a t a l l d f ^ [ x ; • ] e x i s t s i m u l t a n e ­
o u s l y a l m o s t e v e r y w h e r e on D . 
L e t X Q b e a p o i n t i n D s u c h t h a t d f ^ [ x ^ ; • ] e x i s t s 
f o r i = l , 2 , . . . , n . Then d e f i n e a m a p p i n g L f r o m E^ i n t o 
E a s f o l l o w s : 
m 
L ( h ) = ( d f ± [ x 0 ; h ] ) , f o r h e E n . 
Now l e t e > 0 b e g i v e n and c o n s i d e r 
6 3 
| | f ( x 0 + h) - f (x Q ) - L(h)|| m a ± x { I f i ( x 0 + h ) - fi{x0] - d f i [ V h ] l ] 
I I H I R = ra 
I f ^ X g + h ) - f _ 1 ( x 0 ) - df^Cxy- h ] | 
=
 llhll 
( 4 8 ) 
f o r some j , 1 < j £ m. B u t s i n c e f . i s F r e c h e t d i f f e r -
e n t i a b l e a t X Q , t h e r e e x i s t s a 6 > 0 s u c h t h a t i f 
0 < | |h | | < 8 j t h e n t h e r i g h t - h a n d s i d e of (48) i s l e s s t h a n 
e . T h u s i f 0 < | |h | | < 6 , t h e n 
| | f ( x n + h ) - f ( x Q ) - L ( h ) | | 
_ ~ ~ / £ 
llhll < 
F u r t h e r m o r e 
II L ( h ) || = max{ | d f ± [ x 0 ; h ] | } ^ K || h || 
i 
s i n c e e a c h df^ i s a b o u n d e d o p e r a t o r . H e n c e f i s F r e c h e t 
d i f f e r e n t i a b l e a t x Q and d f [ x Q ; h ] = L ( h ) f o r e a c h h € . 
B u t b y t h e c h o i c e o f x Q , t h i s i m p l i e s t h a t f i s F r e c h e t 
d i f f e r e n t i a b l e a l m o s t e v e r y w h e r e on D . 
T h i s c o m p l e t e s t h e d i s c u s s i o n o f d i f f e r e n t i a b i l i t y 
o f L i p s c h i t z i a n o p e r a t o r s on f i n i t e d i m e n s i o n a l s p a c e s . 
The q u e s t i o n of d i f f e r e n t i a b i l i t y o f L i p s c h i t z i a n o p e r a t o r s 
on a r b i t r a r y n o r m e d s p a c e s r e m a i n s o p e n . 
CHAPTER I I I 
DIFFERENTIABILITY OF CONVEX FUNCTIONALS ON NORMED SPACES 
T h r o u g h o u t t h e l i t e r a t u r e t h e r e s eems t o he 
s e v e r a l i s o l a t e d r e s u l t s i n t h e f i e l d o f d i f f e r e n t i a b i l i t y 
o f c o n v e x f u n c t i o n a l s . F o r r e c e n t r e s u l t s on s u b d i f f e r -
e n t i a b i l i t y o f c o n v e x f u n c t i o n s , t h e r e a d e r may r e f e r t o 
Brjzfasted and R o c k a f e l l a r [5] and M o r e a u [25]. 
The s t r o n g e s t r e s u l t s a r e o b t a i n e d when t h e d o m a i n 
o f t h e c o n v e x f u n c t i o n a l i s a s u b s e t o f t h e r e a l l i n e . 
I f t h e d o m a i n i s a l l o w e d t o be an open s u b s e t o f an a r b i ­
t r a r y normed l i n e a r s p a c e , w e a k e r r e s u l t s h a v e b e e n f o u n d . 
The f i r s t p a r t o f t h i s c h a p t e r i s d e v o t e d t o some 
i n t r o d u c t o r y d e f i n i t i o n s w h i c h h e l p t o k e e p t h i s t h e s i s 
s u b s t a n t i a l l y s e l f - c o n t a i n e d . 
Some known r e s u l t s on d i f f e r e n t i a b i l i t y and c o n ­
v e x i t y a r e p r e s e n t e d . Then s e v e r a l o f t h e s e r e s u l t s a r e 
c o m b i n e d t o f o r m an a p p a r e n t l y new t h e o r e m . 
D e f i n i t i o n 3.1. L e t £ b e a l i n e a r s p a c e and l e t S b e a 
s u b s e t o f £ . The s e t S i s c a l l e d c o n v e x i f f o r e a c h p a i r 
o f p o i n t s x , y , e S and r e a l number 7\, w i t h 0 < 7\ < 1, t h e 
p o i n t Ax- + ( l - A ) y i s a l s o i n S . 
N o t e t h a t t h e w h o l e s p a c e £ and t h e e m p t y s e t $ 
a r e c o n v e x s e t s . 
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D e f i n i t i o n 3.2. L e t £ b e a l i n e a r s p a c e and l e t S b e a 
c o n v e x s u b s e t o f £ . A f u n c t i o n a l f w i t h d o m a i n S i s s a i d 
t o b e c o n v e x on S i f f o r e a c h p a i r of p o i n t s x , y i n S 
and r e a l n u m b e r A, w i t h 0 < * < 1 , t h e f o l l o w i n g c o n d i ­
t i o n h o l d s : 
f [ * x + ( l - A ) y J < A f ( x ) + ( l - A ) f ( y ) . ( l ) 
I n D e f i n i t i o n 3.2, t h e s e t S was a s s u m e d t o b e 
c o n v e x s o t h a t t h e p o i n t 7\x + ( l - 7 \ ) y wou ld a u t o m a t i c a l l y 
f a l l i n t h e d o m a i n of f . I f t h i s a s s u m p t i o n i s d r o p p e d , 
t h e c o n c e p t of a c o n v e x f u n c t i o n a l c a n s t i l l b e made 
m e a n i n g f u l . 
D e f i n i t i o n 3.3. L e t £ b e a l i n e a r s p a c e and l e t S b e 
a n y s u b s e t of £ . A f u n c t i o n a l f w i t h d o m a i n S i s s a i d t o 
b e c o n v e x i f f o r e a c h p a i r of p o i n t s x , y i n S and r e a l 
n u m b e r 7\, w i t h 0 < 7\ <^  1 , s u c h t h a t 7\x + ( l - 7 \ ) y e S , t h e 
c o n d i t i o n ( l ) h o l d s . 
N o t e t h a t D e f i n i t i o n 3-3 d e s i g n a t e s f a s " c o n v e x " , 
and n o t a s " c o n v e x on _S" . 
T h e o r e m 3 . 1 . [26, v o l . 2] L e t f b e a c o n t i n u o u s c o n ­
v e x f u n c t i o n a l d e f i n e d on t h e f i n i t e r e a l i n t e r v a l ( a , b ) . 
Then f s a t i s f i e s a L i p s c h i t z c o n d i t i o n on e a c h c l o s e d 
s u b i n t e r v a l o f ( a , b ) . 
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P r o o f : L e t c e ( a , " b ) . Then t h e r a t i o 
f ( x ) - f(c) (2 ) 
i s a n i n c r e a s i n g f u n c t i o n of x f o r x •=/=• c . ( S e e 
[26, v o l . 2] . ) 
Now l e t [ p , q ] "be a n y c l o s e d s u b i n t e r v a l o f ( a , " b ) . 
L e t x , y "be f i x e d p o i n t s o f [ p , q ] and l e t m = . Then 
s i n c e q < "b, i t f o l l o w s t h a t 
y < q < m < b . ( 3 ) 
T h u s 
f ( y ) -
 < f ( m ) - f ( x ) f ( m ) - _ f l x _ l ( 4 ) 
y - x m - x N m - q v ; 
and "by a t r i a n g l e i n e q u a l i t y , 
f ( y ) - f ( x ) | f ( m ) 1 + 1 f ( x ) 1
 (5) y - x m - q 
B u t f i s c o n t i n u o u s on [ p , q ] and h e n c e "bounded on [ p , q ] 
s o t h a t 
f ( y ) I f ( m ) | + F
 = ( 6 ) 
m - x s m - q v ; 
w h e r e K i s a c o n s t a n t i n d e p e n d e n t of x and y 
Now l e t 
n = £±® 
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T h e n 
0 < n < p < ^ q < m < b 
a n d h e n c e 
f ( n ) - f ( x ) f ( y ) - f ( x )
 m ( 7 ) 
n - x ^ y - x v ' 
B u t f i s b o u n d e d b e l o w on t h e c l o s e d i n t e r v a l [ n , m ] and 
h e n c e t h e r e e x i s t s some f i n i t e n u m b e r B s u c h t h a t f ( t ) > B 
f o r t t [ n , m ] . T h u s 
f ( n ) - B > f ( n ) - f ( x ) 
and s i n c e n - x < 0 , i t f o l l o w s t h a t 
f ( n ) - B f ( n ) - f ( x )
 ( 8 ) 
n - x ^ n - x v 
Now s i n c e 
0 > n - p > n - x , 
i t f o l l o w s t h a t 
1
 < ^ < 0 (9) 
n - p — n - x 
and s i n c e 
f ( n ) - B > 0 
i t f o l l o w s a l s o , t h a t 
f ( n ) - B f ( n ) - B , . 
n - p n - x K 1 
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Now c o m b i n e ( 7 ) , (8 ) , ( 1 0 ) t o g e t 
L = = f ( n ) - B f ( y ) - f ( x ) ( 1 1 ) 
n - p — y - x 
w h e r e L i s a c o n s t a n t i n d e p e n d e n t of x and y . 
So l e t 
M = max[ L K I 3 
and t h e n f r o m (6) and ( l l ) f o l l o w s 
£ f c > - f < x > < M , ( l : 
w h e r e M d e p e n d s o n l y on p , q , a , a n d b and n o t on x o r y . 
T h u s ( 1 2 ) m u s t h o l d f o r e a c h x , y i n [ p , q ] and h e n c e f 
s a t i s f i e s a L i p s c h i t z c o n d i t i o n on [ p , q ] . B u t [ p , q ] was 
a n a r b i t r a r y c l o s e d s u b i n t e r v a l o f ( a , b ) and t h e t h e o r e m 
i s p r o v e d . 
c a n b e o b t a i n e d i n t h e s e n s e t h a t t h e c o n c l u s i o n • " f 
s a t i s f i e s a L i p s c h i t z c o n d i t i o n on ( a , b ) " i s f a l s e . Con­
s i d e r 
E x a m p l e 3 . 1 . L e t 
The c o n c l u s i o n of T h e o r e m 3 . 1 i s t h e b e s t t h a t 
f(x) for 
Then 
f"(x) = (l-x*) 
2 N - 3 / 2 
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and f o r | x | < 1, 
f " ( x ) > 0 . 
H e n c e b y a known r e s u l t [12, p . 24], f i s c o n v e x on (-1,1). 
Now s u p p o s e t h a t f s a t i s f i e s a L i p s c h i t z c o n d i t i o n 
on (-1,1). T h e n s i n c e f i s d i f f e r e n t i a b l e on (-1,1), f 
m u s t b e b o u n d e d on (-1,1). B u t f i s c l e a r l y n o t b o u n d e d 
on (-1,1). T h i s i s a c o n t r a d i c t i o n and h e n c e f d o e s n o t 
s a t i s f y a L i p s c h i t z c o n d i t i o n on t h e e n t i r e i n t e r v a l (-1,1). 
T h e o r e m 3-2. U n d e r t h e h y p o t h e s e s o f T h e o r e m 3.1* f i s 
d i f f e r e n t i a b l e a l m o s t e v e r y w h e r e on ( a , b ) . 
P r o o f : L e t 
T h e n b y T h e o r e m s 3.1 and 2.1, f i s d i f f e r e n t i a b l e a l m o s t 
e v e r y w h e r e on I f o r e a c h i n t e g e r n > 1. The r e s u l t now 
f o l l o w s f r o m t h e i d e n t i t y 
I 
n 
a + 1 
n
3 
b - 1 
n f o r n > 1. 
00 
and t h e w e l l known f a c t t h a t t h e u n i o n of a c o u n t a b l e 
c o l l e c t i o n o f n u l l s e t s i s a n u l l s e t . 
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The n e x t t h e o r e m i s a s p e c i a l c a s e of a more g e n ­
e r a l r e s u l t t o h e e s t a b l i s h e d l a t e r . H o w e v e r , t o p r o v e 
t h a t more g e n e r a l r e s u l t now w o u l d o n l y i n t e r r u p t t h e 
p r e s e n t s e q u e n c e of t h e o r e m s . Thus p r o o f s f o r b o t h t h e 
s p e c i a l c a s e and t h e more g e n e r a l r e s u l t w i l l b e g i v e n . 
T h i s t h e o r e m h a s a s l i g h t l y s t r o n g e r r e s u l t t h a n t h a t of 
T h e o r e m 3 . 2 . 
T h e o r e m 3 . 3 . L e t 0 b e a r e a l v a l u e d f u n c t i o n , c o n t i n u o u s 
and c o n v e x on t h e r e a l i n t e r v a l [ a , b ] . Then 0 h a s f i n i t e 
r i g h t - h a n d and l e f t - h a n d d e r i v a t i v e s a t e a c h p o i n t o f 
( a , b ) and f u r t h e r m o r e t h e s u b s e t o f [ a , b ] on w h i c h f i s 
n o t d i f f e r e n t i a b l e i s c o u n t a b l e . 
P r o o f s The p r o o f b e g i n s w i t h two l e m m a s . 
Lemma 3 . 4 . L e t x , y , z e [ a , b ] , w i t h x < y < z . Then 
s ( y ) - s ( x ) $ ( z ) - $ ( x ) 
y - x — z - x 
P r o o f of Lemma 3 . 4 : T h e r e e x i s t s some t , 0 < t < 1 , 
s u c h t h a t 
y = ( l - t ) x + t z . 
T h e n b y c o n v e x i t y , 
* ( y ) < ( l - t ) o ( x ) + t * ( z ) 
< <S>(x) + t [<D(z) - * ( x ) ] 
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a n d h e n c e 
*(y) - *(x) £ t [ o ( z ) - o ( x ) ] 
B u t y - x > 0 a n d 
y - z = t ( z - x ) 
s o t h a t 
$ ( y ) - $(x) / $(z) - o ( x ) ^ / - ^ / .
 ( 1 3 ) 
y - x — z - x \ ->/ 
Lemma 3 • 5 • L e t w < x < y < z w h e r e x , y , z a r e a s I n 
Lemma 3 - 4 and w e [ a , b ] . Then 
$(x) - <S(w) 3(z) - $(y) 
x - w ^ z - y 
P r o o f o f Lemma 3 . 5 " L e t 
y = ax + ( l - a ) z 
w h e r e 0 < a < 1 . T h e n p r o c e e d i n g e x a c t l y a s i n Lemma 3 - 4 , 
i t f o l l o w s t h a t 
*(z) - S ( y ) 3(z) - <S(x) 
z - y ^ z - x v y 
B u t t h i s r e s u l t m u s t a l s o h o l d when x i s r e p l a c e d b y w, 
y b y x , and z b y y . T h u s 
s ( y ) - > $ ( y ) - ( 1 5 ) 
y - x - y - w * 
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Now u s i n g Lemma 3.4 w i t h t h e p o i n t s w , x , and y I t f o l l o w s 
t h a t 
g ( x ) - . $ ( y ) - $ ( w ) , i 6 n 
x - w y - w K 
Thus by (13), U ^ ) , (15), and (L6) we h a v e 
3 ( x ) - $ ( w ) <E(z) - <E(y) / 1 ? N 
x - w — z - y * v r ; 
Now t o a r r i v e a t t h e c o n c l u s i o n of t h e t h e o r e m , 
l e t x b e a n i n t e r i o r p o i n t of [ a , b ] . C h o o s e two f i x e d 
p o i n t s a n d y^ i n [ a , b ] s u c h t h a t < y^ < x and l e t 
h b e a p o s i t i v e n u m b e r b u t s m a l l e n o u g h s o t h a t 
x + h e [ a , b ] . Then s i n c e 
w 1 < y 1 < x < x + h , 
i t f o l l o w s f r o m Lemma 3.5 t h a t 
*
( y l } " * ( W 1 } . * ( x + h ) - * ( x )
 ( l 8 ) 
y 1 - w 1 h * ; 
T h u s t h e d i f f e r e n c e q u o t i e n t 
$ ( x + h ) - $ ( x ) 
h 
i s b o u n d e d b e l o w f o r h > 0 and Lemma 3.4 f u r t h e r i m p l i e s 
t h a t t h e q u o t i e n t i s a n i n c r e a s i n g f u n c t i o n of h f o r h > 0 
Thus b y a w e l l known r e s u l t , 
l i m * ( * + h ) - * ( * ) 
e x i s t s and h e n c e $ h a s a f i n i t e r i g h t - h a n d d e r i v a t i v e a t x 
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Now l e t h and k b e n e g a t i v e n u m b e r s w i t h h < k < 0 
Then 
x + h < x + k < x 
and by ( l 4 ) w i t h p r o p e r c h a n g e of s y m b o l s , 
$ ( x + k ) - $ ( x ) $ ( x + h ) - $ ( x ) 
k ^ h 
T h u s i f h i s n e g a t i v e , t h e q u o t i e n t 
$ ( x + h ) - $ ( x ) 
h 
i s i n c r e a s i n g . 
Now l e t h b e n e g a t i v e and s o s m a l l t h a t x + h € [ a , b ] . 
T h e n c h o o s e f i x e d w 2 , y 2 e [ a , b ] s u c h t h a t 
x + h < x < y 2 < w 2 . 
U s i n g Lemma 3 - 5 * i t f o l l o w s t h a t 
o ( x + h ) - g(x) $ ( w 2 ) - *(y 2) 
h - w 2 - y 2 
H e n c e t h e q u o t i e n t i s b o u n d e d a b o v e f o r a l l h < 0 and t h u s 
l i m * ( * + h > - * < x > 
e x i s t s . T h u s $ h a s a f i n i t e l e f t - h a n d d e r i v a t i v e a t x , and 
h e n c e $ h a s b o t h f i n i t e r i g h t - a n d l e f t - h a n d d e r i v a t i v e s a t 
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e a c h i n t e r i o r p o i n t of [ a , b ] . A p r o o f t h a t t h e s e t on 
w h i c h $ ' f a i l s t o e x i s t i s c o u n t a b l e c a n b e f o u n d i n 
[17, P . 197J. 
The f u n c t i o n $ i n t h e p r e v i o u s t h e o r e m n e e d n o t 
h a v e f i n i t e o n e - s i d e d d e r i v a t i v e s a t a o r b . ( S e e 
E x a m p l e 3.1.) T h i s c o m p l e t e s t h e s e c t i o n on r e a l v a l u e d 
f u n c t i o n s o f a s i n g l e r e a l v a r i a b l e . 
I n t h e n e x t s e c t i o n , t h e d o m a i n o f t h e f u n c t i o n a l 
w i l l b e a s u b s e t of a no rmed l i n e a r s p a c e . 
D e f i n i t i o n 3.4. L e t f b e a f u n c t i o n a l d e f i n e d on a n o p e n 
s u b s e t A of a no rmed l i n e a r s p a c e X and l e t x e X. I f 
l i m , t _ 1 [ f ( x + t h ) - f(x)J S Vf [x; h j 
t->0 + 
e x i s t s f o r e a c h h e 'X, t h e n f i s s a i d t o h a v e a o n e - s i d e d 
G a t e a u x v a r i a t i o n a t x . 
T h e o r e m 3.6. I f f h a s a o n e - s i d e d G a t e a u x v a r i a t i o n a t 
x e A, t h e n V f + [ x ; • ] i s p o s i t i v e l y h o m o g e n e o u s ; t h a t i s , 
f o r e a c h s c a l a r a > 0, 
V f + [ x ; a h ] = a V f + [ x ; h ] 
f o r a l l h e X. 
P r o o f : ( S e e T h e o r e m 1.1.) 
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C l e a r l y i f Vf [ x ; • ] e x i s t s and i f 
V f + [ x ; h ] = - V f + [ x ; - h ] 
f o r e a c h h e X, t h e n V f [ x ; • ] e x i s t s . 
T h e o r e m 3.7. L e t f: A - » E 1 . I f f i s c o n v e x , t h e n 
V f + [ x ; • ] e x i s t s f o r e a c h x e A. 
P r o o f : L e t x e A, y e X and k e e p t h e m f i x e d t h r o u g h o u t 
t h e p r o o f . S i n c e A i s o p e n , t h e r e e x i s t s some p o s i t i v e 
c o n s t a n t AQ s u c h t h a t b o t h x - T^y and x + Agy a r e mem­
b e r s of A. L e t h = "AQy. T h e n t h e r e e x i s t s a p o s i t i v e 
c o n s t a n t A^ < 1 s u c h t h a t x + Ah € A i f 0 < A < A^. 
So l e t A b e s u c h t h a t 0 < A < A^ and w r i t e x i n 
t h e f o l l o w i n g w a y : 
S i n c e x , x - h , x + Ah a r e a l l i n A, D e f i n i t i o n 3-3 im­
p l i e s t h a t 
x
 ~ TXT U - H ) + 1 (x+Ah) . 1+A 
f(x) < f ( x - h ) + 1 f (x+Ah) 1+A 
w h i c h , u p o n r e a r r a n g e m e n t , b e c o m e s 
f ( x ) - f ( x - h ) < A 1 [ f ( x + A h ) - f ( x ) ] . (19) 
S i m i l a r l y s i n c e x , x + h , and 
( l - A ) x + A ( x + h ) = x + Ah e D , 
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i t f o l l o w s t h a t 
f ( x + * h ) < ( l - A ) f ( x ) + * f ( x + h ) 
w h i c h b e c o m e s 
*
_ 1 [ f ( x + * h ) - f ( x ) ] < f ( x + h ) - f ( x ) . (20) 
Now c o m b i n i n g (19) and (20) we h a v e 
f ( x ) - f ( x - h ) < * _ 1 [ f ( x + * h ) - f ( x ) ] < f ( x + h ) - f ( x ) 
(21) 
f o r a l l 7\ w h e r e 0 < 7\ < . Thus t h e d i f f e r e n c e q u o t i e n t 
i n (21) i s b o u n d e d . 
To s e e - t h a t t h i s d i f f e r e n c e q u o t i e n t i s a l s o a 
m o n o t o n i c a l l y i n c r e a s i n g f u n c t i o n of 7\, l e t V = t * w h e r e 
0 < t < 1. T h e n f r o m (20) i t f o l l o w s t h a t 
( V ) _ 1 [ f ( x + A ' h ) - f ( x ) ] = ( t * ) " 1 [ f ( x + t A h ) - f ( x ) ] 
= * "
1 [ t " 1 { f [ x + t ( * h ) - f ( x ) } ] 
< A _ 1 [ f (x+Ah) - f ( x ) ] . (22) 
T h e n (21) and (22) i m p l y t h a t 
l i m * _ 1 [ f ( x + A h ) - f ( x ) ] 
A ^ 0 + 
e x i s t s . T h i s p r o v e s t h a t V f + [ x ; h ] e x i s t s . To show t h a t 
V f , [ x ; y ] e x i s t s , c o n s i d e r 
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A 1 [ f ( x + A y ) - f ( x ) ] = A " 1 f ( x + ± h ) - f ( x ) 
A 0 
f ( x + ^ h ) - f ( x ) 
A 0 
T h e n 
l i m A 1[f(x+Ay) - f (x) ] = (*n) Vf.fxj h ] 
T h u s V f + [ x ; y ] e x i s t s and 
V f + [ x ; y ] = ( \ Q ) 1 V f + [ x ; h ] 
S i n c e x , y w e r e a r b i t r a r y , t h i s p r o v e s t h a t V f + [ x ; * ] e x i s t s 
f o r e a c h x £ A. 
T h e o r e m 3 .8. U n d e r t h e h y p o t h e s e s o f T h e o r e m 3-7* t h e 
f u n c t i o n a l V f + [ x ; • ] i s c o n v e x on X f o r e a c h x e A. 
P r o o f : L e t x e A and l e t y , z e X. S i n c e A i s o p e n , t h e r e 
e x i s t s a p o s i t i v e c o n s t a n t A* s u c h t h a t i f 0 < A < A*, 
t h e n x + 27\y, x + 27\z, and x + 7\(y+z) a r e i n A. T h e n b y 
c o n v e x i t y o f f, f o r 0 < A < A*, 
f[i ( x + 2 A y ) + i ( x + 2 A z ) ] < ^ f ( x + 2 A y ) + if (x+2Az) (23) 
s i n c e 
i (x+2Ay) + i ( x + 2 A z ) = x + ? \ (y+z) e A 
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Thus f r o m (23), i f 0 < 7\ < A*, t h e n 
2f [x+A (y+z ) ] < f ( x + 2 A y ) + f ( x + 2 A z ) . 
Now s u b t r a c t 2 f ( x ) f r o m b o t h s i d e s and m u l t i p l y t h e r e s u l t 
b y ( 2 A ) " 1 . Thus i f 0 < A < A*, t h e n 
A _ 1 { f [ x + A ( y + z ) ] - f ( x ) } < ( 2 A ) _ 1 [ f ( x + 2 A y ) - f ( x ) ] 
+ ( 2 7 \ ) _ 1 [ f ( x + 2 * z ) - f ( x ) ] . 
(24) 
T h e n t a k e l i m i n (24) and i t f o l l o w s t h a t 
? w 0 + 
V f + [ x ; y + z ] £ V f + [ x ; y ] + V f + [ x ; z ] . ( 2 5 ) 
I t i s c l e a r t h a t ( 2 5 ) t o g e t h e r w i t h T h e o r e m 3-6 I m p l y t h e 
r e s u l t . I n f a c t a s t r o n g e r r e s u l t I s i m p l i e d . T h i s p r o o f 
shows t h a t i f a , (3 a r e a n y two n o n n e g a t i v e r e a l n u m b e r s , 
n o t n e c e s s a r i l y w i t h a + p = 1 , i t s t i l l f o l l o w s t h a t 
Vf [ x ; a y + p z ] £ aVf [ x ; y ] + PVf , [ x ; z ] . 
CHAPTER IV 
SMOOTH OPERATORS 
I n t h i s c h a p t e r a t o p i c a p p a r e n t l y u n e x p l o r e d 
b e y o n d t h e o n e - d i m e n s i o n a l l e v e l i s p r e s e n t e d . T h i s i s 
t h e c o n c e p t o f t h e s m o o t h o p e r a t o r , g e n e r a l i z e d f r o m t h e 
d e f i n i t i o n o f s m o o t h f u n c t i o n i n E ^ , u s e d b y Zygmund [37] 
and o t h e r s . 
D i s c u s s i o n c o n c e r n i n g r e l a t i o n s h i p s among s m o o t h 
o p e r a t o r s and t h e more w e l l known c l a s s e s o f o p e r a t o r s i s 
p r e s e n t e d , i n c l u d i n g c o u n t e r e x a m p l e s w h e r e v e r a p p r o p r i a t e . 
T h e n r e s u l t s c o n c e r n i n g d i f f e r e n t i a b i l i t y o f s m o o t h 
o p e r a t o r s a r e g i v e n , i n c l u d i n g a n o r i g i n a l t h e o r e m w h i c h 
p r o v i d e s a n i m m e d i a t e c o n n e c t i o n w i t h T h e o r e m 1.4. 
The known o n e - d i m e n s i o n a l r e s u l t s a r e n o t d w e l l e d 
u p o n f o r t h e y a r e r e a d i l y a v a i l a b l e i n t h e l i t e r a t u r e . 
( S e e [32] a n d [37].) 
D e f i n i t i o n 4.1. L e t f: A Y and l e t x t A. The o p e r a ­
t o r f i s s a i d t o b e s m o o t h a t x i f 
|| f ( x + h ) + f ( x - h ) - 2F(x) || = o ( | | h | | ) a s h ^ 0. 
(1) 
The t e r m " s m o o t h " i s a t e c h n i c a l t e r m and n o c o n ­
n e c t i o n w h a t s o e v e r w i t h t h e l i t e r a l m e a n i n g s h o u l d b e 
a s s u m e d . 
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E x a m p l e 4 . 1 . L e t 
00 
n = l 
c o s 2 x 
2 Jn f o r x € E 1 . 
T h i s s e r i e s c o n v e r g e s a b s o l u t e l y and u n i f o r m l y on E^ s i n c e 
c o s 2 x 
n n r -
2 Jn 2 Jn 
Now f i x x e E^ and c o n s i d e r 
. m f ( x + h ) + f ( x - h ) - 2 f ( x ) 
h l i m h->0 
= l i m 
h->0 
n = l 
( 2 c o s 2 n x ) ( c o s 2 n h - l ) 
h 2 n y n 
n = l 
2 c
n
Q S 2 x
 l i m 
2 ^/n t n O 
c o s 2 n h - l 
h 
m a k i n g u s e o f t h e u n i f o r m c o n v e r g e n c e . B u t f o r e a c h n > 1 , 
l i m 
h->0 
c o s 2 n h - l 
h 0 
s o t h a t 
. m f ( x + h ) + f ( x - h ) - 2 f ( x ) = 
h l i m h->0 
= 0 
f U ) - I 
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T h i s shows t h a t f i s s m o o t h on E^ . 
I t i s c l e a r f r o m D e f i n i t i o n 4.1 t h a t i f f and g a r e 
s m o o t h a t x3 t h e n af + |3g i s a l s o s m o o t h a t x3 f o r e a c h 
p a i r o f s c a l a r s a,p . F u r t h e r m o r e , a b o u n d e d l i n e a r o p e r a ­
t o r i s s m o o t h a t e a c h p o i n t o f i t s d o m a i n . 
The f u n c t i o n i n E x a m p l e 4.1 i s t y p i c a l o f a w i d e 
c l a s s of s m o o t h o p e r a t o r s . 
T h e o r e m 4.1. L e t f: A ->Y and l e t x e A. I f f i s F r e c h e t 
d i f f e r e n t i a b l e a t x , t h e n f i s s m o o t h a t x . 
P r o o f : L e t d f [ x ; • ] d e n o t e t h e F r e c h e t d e r i v a t i v e o f f 
a t x . Then 
|| f ( x + h ) - f ( x ) - d f [ x ; h ] || = o ( | | h | | ) (2) 
and 
|| f ( x - h ) - f ( x ) - d f [ x ; - h ] || = o ( | | h | | ) ( 3 ) 
a s h -» 0 . B u t 
| | f ( x + h ) + f ( x - h ) - 2f ( x ) | | 
= | | f ( x + h ) - f ( x ) - d f [ x ; h ] + d f [ x ; h ] + f ( x - h ) - f ( x ) | | 
£ | | f ( x + h ) - f ( x ) - d f [ x ; h ] | | + llf(x-h) - f ( x ) - d f [ x ; - h ] | | 
= o ( l lh l l ) + o(HhH) = o( l lh l l ) a s h - > 0 . 
T h i s p r o v e s t h a t f i s s m o o t h a t x . 
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The c o n v e r s e of T h e o r e m 4 . 1 i s f a l s e i n g e n e r a l . 
C o n s i d e r 
E x a m p l e 4 . 2 . L e t 
1 s i n (x ^ 0 ) , x f ( x ) = / 0 (x = 0 ) . 
Then f o r h ^ 0 , 
, 1 , . 1 
f ( 0 + h ) + f ( O - h ) - 2 f ( 0 )
 =
 S l n




and h e n c e f i s s m o o t h a t x = 0 , b u t f i s n e i t h e r d i f f e r -
e n t i a b l e n o r c o n t i n u o u s a t x = 0 . 
The f u n c t i o n d e f i n e d i n E x a m p l e 4 . 2 i s t y p i c a l of 
a c l a s s o f o p e r a t o r s w h i c h a r e s m o o t h a t t h e o r i g i n . More 
p r e c i s e l y we h a v e 
T h e o r e m 4 . 2 . L e t 0 b e t h e z e r o e l e m e n t o f X. L e t 
f: B ->Y w h e r e B i s some n e i g h b o r h o o d of 0 and s u p p o s e 
t h a t f o r e a c h x e B , 
f ( x ) = - f ( - x ) . 
T h e n f i s s m o o t h a t x = 0 . 
P r o o f : The h y p o t h e s e s i m p l y t h a t f ( 0 ) = 0 and h e n c e 
f ( 0 + h ) + f ( 0 - h ) - 2 f ( 0 ) = 0 . 
T h i s c l e a r l y i m p l i e s t h e r e s u l t . 
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The E x a m p l e 4 . 2 shows t h a t s m o o t h n e s s a t a p o i n t i s 
n o t s u f f i c i e n t t o g u a r a n t e e c o n t i n u i t y a t t h a t p o i n t . I t 
i s a l s o t r u e t h a t c o n t i n u i t y i s n o t s u f f i c i e n t t o i m p l y 
s m o o t h n e s s . To s e e t h i s , c o n s i d e r 
E x a m p l e 4 . 3 . L e t £ b e a l i n e a r s p a c e and f o r e a c h x e £, l e t 
f ( x ) = I  x ||, 
w h e r e || * || i s a n y no rm d e f i n e d on £ . Then f i s c l e a r l y 
c o n t i n u o u s a t x = 0 , b u t f o r h e £ w i t h h ^ 0 , 
f(o+h) + f(o-h) - 2f(o) _ H h l l + H - h l 
= 2 
llh|| | |h | | 
and h e n c e f i s n o t s m o o t h a t x = 0 . 
The no rm f u n c t i o n a l f i n E x a m p l e 4 . 3 i s c l e a r l y 
u n i f o r m l y c o n t i n u o u s and c o n v e x on £ and f u r t h e r m o r e , f 
s a t i s f i e s a L i p s c h i t z c o n d i t i o n on £ . 
T h e o r e m 4 . 3 . L e t f b e d e f i n e d a s i n E x a m p l e 4 . 3 . T h e n 
f i s n o t F r e c h e t d i f f e r e n t i a b l e a t x = 0 . 
P r o o f : By E x a m p l e 4 . 3 * f i s n o t s m o o t h a t x = 0 s o t h a t 
f i s n o t F r e c h e t d i f f e r e n t i a b l e a t x = 0 , i n v i e w of 
T h e o r e m 4 . 1 . 
H o w e v e r u s i n g T h e o r e m 3 - 7 * i t f o l l o w s t h a t t h e no rm 
f u n c t i o n a l f h a s a o n e - s i d e d G a t e a u x v a r i a t i o n a t e a c h 
x € £ , i n c l u d i n g x = 0 . 
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I f , h o w e v e r , t h e d o m a i n of f i s f u r t h e r r e s t r i c t e d 
t o b e a H i l b e r t s p a c e , t h e n i t i s e a s y t o show t h a t a 
much s t r o n g e r r e s u l t f o l l o w s . 
T h e o r e m 4 .4 . L e t H b e a H i l b e r t s p a c e w i t h i n n e r p r o d u c t 
<^ ', ' y. T h e n l e t f b e t h e p a r t i c u l a r no rm f u n c t i o n a l w h i c h 
I s I n d u c e d b y <^  • , • ^; t h a t i s , 
f ( x ) = < x , x ) ^ = || x || 
f o r e a c h x e H. T h e n f i s F r e ' c h e t d i f f e r e n t i a b l e a t e a c h 
x e H w h e r e x ^ 0 . 
P r o o f : The p r o o f f o l l o w s e a s i l y f rom D e f i n i t i o n 1 . 5 and 
T h e o r e m 1 .9 and w i l l n o t be g i v e n h e r e . 
T h u s f a r , T h e o r e m 4 . 1 p r o v i d e s t h e o n l y s u f f i c i e n t 
c o n d i t i o n f o r s m o o t h n e s s . I t i s n a t u r a l , t h e r e f o r e , t o 
s e e k a n o t h e r s u f f i c i e n t c o n d i t i o n w h i c h i s n o t a s s t r o n g 
a s F r e ' c h e t d i f f e r e n t i a b i l i t y . The f o l l o w i n g t h e o r e m , 
m o t i v a t e d p a r t i a l l y b y i d e a s p r e s e n t e d i n T h e o r e m 1 . 4 , 
p r o v i d e s t h i s " w e a k e r " s u f f i c i e n t c o n d i t i o n . 
T h e o r e m 4 . 5 . L e t x Q € X. I f 
|| f ( x Q + t h ) + f ( x Q - t h ) - 2 f ( x Q ) || = o( | t | ) a s t -»0 
u n i f o r m l y f o r a l l h w i t h || h || = 1 , t h e n f i s s m o o t h a t x n . 
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P r o o f : The p r o o f i s a l m o s t i d e n t i c a l t o t h a t u s e d f o r 
T h e o r e m 1 . 4 , and w i l l "be o m i t t e d . 
D e f i n i t i o n 4 . 2 . L e t H C X and s u p p o s e t h a t f: H - > Y . 
Then f i s s a i d t o b e u n i f o r m l y s m o o t h on H i f ( l ) h o l d s 
u n i f o r m l y f o r a l l x e H. 
C l e a r l y i f f i s u n i f o r m l y s m o o t h on H, t h e n f i s 
s m o o t h a t e a c h p o i n t of H. The c o n v e r s e i s f a l s e . 
E x a m p l e 4 . 5 * L e t 
(x i 0), , 1 ! x f(x) = | 
[ 0 ( x = 0 ) . 
I f x / 0 , t h e n f i s d i f f e r e n t i a b l e a t x and h e n c e s m o o t h 
a t x . F u r t h e r m o r e b y T h e o r e m 4 . 2 , f i s a l s o s m o o t h a t x = 0 , 
T h u s f i s s m o o t h on E ^ . S u p p o s e now t h a t 
l l m f(x+h) + f(x-h) - 2f(x) = Q 
two h 
u n i f o r m l y f o r a l l x ^ 0 . I t i s n o t n e c e s s a r y t o c o n s i d e r 
x = 0 s i n c e t h e q u o t i e n t a b o v e i s a u t o m a t i c a l l y 0 i n t h a t 
c a s e , and n o l i m i t i n g p r o c e s s i s i n v o l v e d . Then f o r e = 2 , 
t h e r e e x i s t s a 6 > 0 s u c h t h a t i f 0 < I h I < 6 , t h e n 
f ( x + h ) + f ( x - h ) - 2 f ( x ) 
h < 2 
f o r a l l x ^ 0 . 
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B u t 
1 _ 1 2 
f ( x + h ) + f ( x - h ) - 2 f ( x )
 =
 x+h x - h x _ 2h 
h h " / 2 , 2x 
x ( x - h ) 
and h e n c e i f 0 < h < 5 , t h e n 
h 
f 2 K 2 ^ 
x ( x - h ) 
< 1 
f o r a l l r e a l x / 0 . B u t t h i s i s i m p o s s i b l e s i n c e t h e 
c h o i c e x = h = 5 / 2 v i o l a t e s t h e i n e q u a l i t y . I f , h o w e v e r , 
x i s h e l d f i x e d , i t i s e a s y t o c h o o s e a 5 s m a l l e n o u g h t o 
a v o i d t h e t r o u b l e a t x = h . 
T h e o r e m 4 . 6 . L e t H Q X. I f f i s u n i f o r m l y s m o o t h on H, 
t h e n f o r e a c h f i x e d z £ X, 
|| f ( x + t z ) + f ( x - t z ) - 2 f ( x ) || = o( | t | ) a s t -» 0 
u n i f o r m l y f o r a l l x e H. 
P r o o f : The t h e o r e m i s a n o b v i o u s c o n s e q u e n c e o f D e f i n i ­
t i o n 4 . 2 . 
C o r o l l a r y _ 4 . _ 7 . L e t x Q e X and s u p p o s e t h a t f i s u n i f o r m l y 
s m o o t h on B w h e r e 
r 
B r = (y e X | ||y-x0H < r } . ( 4 ) 
L e t u , v b e two f i x e d e l e m e n t s o f X, w i t h u / 0 . Then 
87 | |f ( x Q + t u + t v ) + f ( x 0 + t u - t v ) - 2 f ( x Q + t u ) | | = o ( | t | ) a s t -> 0 
T h e o r e m 4 . 8 . L e t x Q e X and s u p p o s e t h a t f i s u n i f o r m l y 
s m o o t h on B , w h e r e B i s d e f i n e d a s i n (4) . Then f o r T V x 
e a c h p a i r o f f i x e d e l e m e n t s h ^ , h ^ e X, 
A t h , t h f ( x 0 } II - ° U t I ) as t -»0. 
P r o o f : A p p l y C o r o l l a r y 4.7 w i t h u = | ( h 1 + h 2 ) 
and v = u . T h e n 
| | f ( x Q + t h 1 + t h 2 ) + f ( x Q ) - 2 f ( x Q + i t ^ + l t h g ) ! ! = o( | t | ) 
a s t -» 0 . (5) 
Then a p p l y C o r o l l a r y 4.7 a g a i n b u t w i t h 
u = i ( h 1 + h 2 ) 
and 
v = i ( h 2 - h x ) 
T h e n 
f ( x Q + t h 2 ) + f ( x Q + t h 1 ) - 2 f ( x Q + | t h 1 + | t h 2 ) || = o( | t | ) 
a s t -» 0 . ( 6 ) 
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Now c o m b i n i n g ( 5 ) and ( 6 ) , i t f o l l o w s t h a t 
II f ( x 0 + t h 1 + t h 2 ) - f ( x Q + t h 1 ) - f ( x Q + t h 2 ) + f ( x Q ) || = o ( | t | ) 
a s t -> 0 
a n d h e n c e 
" ^ h ^ t h / ^ O 5 II = °( I t I ) as t -.0. 
We c a n now c o m b i n e T h e o r e m 4.8 w i t h T h e o r e m 1.3 t o 
t h e f o l l o w i n g t h e o r e m : 
T h e o r e m 4.9. L e t x Q € A and s u p p o s e t h a t f h a s a G a t e a u x 
v a r i a t i o n V f [ x Q ; • ] a t x Q . Then V f [ x Q ; *] i s a G a t e a u x 
d e r i v a t i v e i f t h e f o l l o w i n g two c o n d i t i o n s a r e s a t i s f i e d : 
i . f s a t i s f i e s a w e a k L i p s c h i t z c o n d i t i o n a t x ^ 
i i . f i s u n i f o r m l y s m o o t h i n some n e i g h b o r h o o d o f x ^ 
The r e m a i n d e r of t h i s c h a p t e r d e a l s p r i m a r i l y w i t h 
known r e s u l t s i n t h e a r e a o f d i f f e r e n t i a b i l i t y and s m o o t h ­
n e s s of r e a l - v a l u e d f u n c t i o n s of a s i n g l e r e a l v a r i a b l e . 
T h e o r e m 4.10. ( S e e [37].) L e t f b e a r e a l - v a l u e d f u n c ­
t i o n c o n t i n u o u s and s m o o t h on t h e i n t e r v a l [ a , b ] , w h e r e 
a a n d b a r e n o t n e c e s s a r i l y f i n i t e . T h e n f i s d i f f e r e n t i ­
a b l e on a n e v e r y w h e r e d e n s e s u b s e t of [ a , b ] . 
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P r o o f : L e t x Q € ( a , b ) . I f f h a s a r e l a t i v e e x t r e m u m a t 
X Q , t h e n t h e r e e x i s t s a n u m b e r 8 > 0 s u c h t h a t 
f ( x n + h ) - f ( x n ) and f ( x n - h ) - f ( x n ) 
h a v e t h e same s i g n i f 0 < h < 5 . B u t f i s s m o o t h a t x Q and 
h e n c e 
f ( x Q + h ) - f ( x Q ) f ( x Q - h ) - f ( x Q ) f ( x Q + h ) + f ( x Q - h ) - 2 f ( x Q ) 
h h h 
a p p r o a c h e s 0 a s h - > 0 . T h u s 
f x +h - f x J 
l i m 2 ° - = 0 (7) 
h - > 0 + n 
and 
f ( x n - h ) - f ( x 0 
l i m , 2
 R ^ = 0 (8) 
h->0 n 
s i n c e b o t h d i f f e r e n c e q u o t i e n t s h a v e t h e same s i g n and 
t h e i r sum h a s l i m i t 0 . C l e a r l y (7) and (8) i m p l y t h a t 
f ; ( X Q ) e x i s t s and f u r t h e r m o r e f f(x^) = 0 . 
The p r e c e d i n g i s r e a l l y a u s e f u l lemma i n i t s e l f . 
I t shows t h a t i f f i s c o n t i n u o u s and s m o o t h on [ a , b ] , t h e n 
f ' ( x Q ) = 0 f o r e a c h r e l a t i v e e x t r e m u m x ^ € ( a , b ) . 
Now l e t [ a ' , b ' ] b e a c l o s e d s u b i n t e r v a l o f [ a , b ] 
and l e t L b e t h e u n i q u e l i n e a r m a p p i n g d e f i n e d on [ a ' , b ' ] 
s u c h t h a t 
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L ( a ' ) = f ( a ' ) and L ( b ' ) = f ( b ' ) . 
D e f i n e 
G ( x ) ^
 f ( x ) _ L ( x ) u 
Then c l e a r l y G i s s m o o t h on [ a ' , b ' ] . F u r t h e r m o r e 
G ( a ' ) = G ( b ' ) = 0 
and h e n c e s i n c e G i s c o n t i n u o u s on [ a ' , b ' J , G m u s t h a v e a 
r e l a t i v e e x t r e m u m a t some p o i n t x ^ w h e r e a ' < x ^ < b ' . 
T h u s b y t h e f i r s t p a r t o f t h e p r o o f , 
G ' ( x Q ) = 0. 
B u t s i n c e G ( x ) = f ( x ) - L ( x ) and L ( x ) i s known t o b e 
d i f f e r e n t i a b l e f o r e a c h x , i t f o l l o w s t h a t f ' ( X Q ) e x i s t s . 
T h u s f o r e a c h s u b i n t e r v a l [ a ' , b ' ] o f ( a , b ) , t h e r e i s some 
p o i n t X Q i n ( a ' , b ' ) s u c h t h a t f ' f x ^ ) e x i s t s . The t o t a l i t y 
of s u c h p o i n t s x ^ c l e a r l y f o r m s a n e v e r y w h e r e d e n s e s u b ­
s e t o f [ a , b ] . T h i s c o m p l e t e s t h e p r o o f . 
The i n t e r v a l [ a ' , b ' ] i n t h e p r e v i o u s t h e o r e m c o u l d 
v e r y w e l l b e [ a , b ] i t s e l f . I n t h a t e v e n t , a n e a s y compu­
t a t i o n shows t h a t 
L ' ( x ) = f(1°l " f ( a ) f o r e a c h x e [ a , b ] . 
D — a 
Then T h e o r e m 4.10 g u a r a n t e e s t h a t t h e r e i s some p o i n t X Q , 
a < x n < b , s u c h t h a t 
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G'(x Q) = 0 
and h e n c e 
I { X Q ) L { X Q ) - b _ a 
Thus t h e mean v a l u e t h e o r e m h o l d s f o r f on [ a , b ] . 
T h e o r e m 4 . 1 1 . L e t f b e a c o n t i n u o u s c o n v e x f u n c t i o n d e ­
f i n e d on t h e i n t e r v a l ( a , b ) and l e t x ^ e ( a , b ) . I f f i s 
s m o o t h a t x Q and i f f h a s b o t h f i n i t e l e f t - a n d r i g h t - h a n d 
d e r i v a t i v e s a t X Q , t h e n f i s d i f f e r e n t i a b l e a t X Q . 
P r o o f : S m o o t h n e s s i m p l i e s t h a t 
f(x +h) + f ( x Q - h ) - 2f(x Q) 
l i m . r = 0 . 
h->0 
T h u s 
f(x Q +h) - f(x Q) f(x Q-h) - f(x Q) 
hi m 0 J—— H H ^ = ( B u t t h e h y p o t h e s e s i m p l y t h a t 
f ( x Q + h ) - f ( x Q ) • 
h - > 0 + n u 
e x i s t s . F u r t h e r m o r e 
f ( x 0 - h ) - f ( x ) f ( x +k) - f ( x Q ) _ 
l i m ^ r ^ - = - l i m ^ r- — = - f ' ( x ) 
h - > 0 + n k->0~ 
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e x i s t s . H e n c e f r o m (9) i t f o l l o w s t h a t 
f
'(xo) - f'(xo) = °-
The c o n c l u s i o n i s now o b v i o u s . 
C o r o l l a r y 4.12. I f f i s c o n t i n u o u s , c o n v e x , and s m o o t h 
on ( a , b ) , t h e n f i s d i f f e r e n t i a b l e on ( a , b ) . 
The r e a d e r may r e f e r t o [32] and [37] f o r more 
e x t e n s i v e r e s u l t s on d i f f e r e n t i a b i l i t y o f s m o o t h f u n c t i o n s . 
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APPENDIX 
THEOREMS CITED IN THE TEXT 
T h e o r e m 1. ( S e e [30, p . 233, T h e o r e m 21].) L e t (X,A,u . ) 
and ( Y , B , v ) b e two c o m p l e t e m e a s u r e s p a c e s and f a n i n t e -
g r a b l e f u n c t i o n on X x Y. Then f o r a l m o s t a l l x e X, t h e 
f u n c t i o n f d e f i n e d b y 
x 
f x(y) = f(x,y) 
i s a n i n t e g r a b l e f u n c t i o n on Y and f o r a l m o s t a l l y e Y, 
t h e f u n c t i o n f d e f i n e d by 
f y ( x ) = f ( x , y ) 
i s a n i n t e g r a b l e f u n c t i o n on X. 
T h e o r e m 2. ( S e e [6, p . 597, T h e o r e m 4].) L e t f b e a 
c o n t i n u o u s f i n i t e - v a l u e d f u n c t i o n d e f i n e d on t h e i n t e r v a l J . 
D e f i n e 
l l m S U p f ( * + h ) - f ( x ) A D f ( x ) . 
h-^0+ h + 
I f D f ( x ) i s f i n i t e on J , e x c e p t p o s s i b l y f o r a c o u n t a b l e 
s u b s e t o f J , and i f D + f ( x ) i s summab le o v e r J , t h e n f i s 
a b s o l u t e l y c o n t i n u o u s on J . 
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T h e o r e m 3 . ( S e e [6, p . 628, T h e o r e m 3 ] . ) L e t G h e a 
n o n e m p t y s u b s e t o f ^ n + m a n d l e t P e G. S i n c e 
E . = E x E , 
n+m n nr 
t h e r e e x i s t s P e E and P e E s u c h t h a t 
n n m m 
P = (P , P ) . 
v
 n ' nr 
Now f o r P e E , d e f i n e 
n n' 
B(P ) k (P e E I P = (P , P ) € G ) . v
 n ' m m 1 v n ' nr J 
I f B(P ) i s a n u l l s e t i n E f o r a l l P w i t h t h e p o s s i b l e v
 n' m n ^ 
e x c e p t i o n o f a n u l l s e t i n E , t h e n G i s e i t h e r n o n m e a s u r -
n 
a b l e o r a n u l l s e t i n E . . 
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